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Here we continue to list the differential operators invariant with respect to the 
15 exceptional simple Lie superalgebras g of polynomial vector fields. A part of 
the list (for operators acting on tensors with finite dimensional fibers) was earlier 
obtained in 2 of the 15 cases by Kochetkov and in one more instance by Kac and 
Rudakov. Broadhurst and Kac conjectured that some of these structures pertain 
to the Standard Models of elementary particles and the Grand Unified Theories. 
So, GUT, if any exists, will be formulated in terms of operators we found, or 
their r-nary analogs to be found. Calculations are performed with the aid of 
Grozman's Mathematica-hased SuperLie package. When degeneracy conditions 
are violated (absence of singular vectors) the corresponding module of tensor fields 
is irreducible. We also verified some of the earlier findings. 
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To the memory of Misha Marinov (by D.L.) 

Only one of us knew Misha. It was at the flat of one of my teachers, Fehx 
Berezin, that we became acquainted. I was a student then and was bubbUng 
with enthusiasm on account of fantastic visions, appUcations of supersymmetry, 
which at that time was not so clear to most. Misha shared the awe of the beauty 
of the mathematics related with SUSY. Besides this, he was a charming person. 
Moreover, he was writing a review on superstrings. So Misha fascinated me. 

His reviewcil illuminated my research for many years ahead (Ref.|l| is just 
a part of the story). Later Misha, being a man of passion, bitterly criticized 
the whole trend as useless waste of many talents of several generations. I did 
not take his vitriolic words at face value. I knew that however strong language 
he used, it was merely rhetoric. He similarly criticized me for not being able to 
quantize the "odd mechanic" (and Ref. |3^ is a part of our answer to Misha) nor 
demonstrate the "usefulness" of what was rediscovered several years later by 
Batalin and Vilkovisky under the name antibracket together with the manifest 
demonstrations of its usefulness (cf Refs.^ and |l^). When the antibracket 
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was rediscovered Misha came to me and said, "Do you remember that stuff 

about the two types of mechanics, you told mc some time ago? Recently 
Batalin talked a lot about what looks precisely like it, and he is one of the 
rare few who only speaks about what he knows. If I had not known him for a 
long time I'd think he had become crazy. He plans to do almost all gauge field 
theory by means of this new mechanic. So, let me get you acquainted, you two 
talk similar ..." 

Later, before he applied for emigration and while waiting for permission 
(more likely for a refusal, at that time) Misha frequented an informal seminar 
I hosted at home being also ready to quit the regular ways. Some mathe- 
maticians having applied for emigration became personae non grata at official 
seminars; in my flat they could discuss new and old results with those who 
dared. Misha was our physics teacher, he tried to convey to us (J. Bernstein, 
A. Bcilinson, mc, and occasional "guests", from students to S. Gindikin) some 
ideas of modern physics. 

Misha visited me at Stockholm recently. I took him to look at the frescos 
of Taby kyrkan, one of the most interesting churches in Stockholm. The most 
famous of the frescos is currently called "The Knight playing chess with Death" . 
The original title, if it ever existed, is forgotten; the modern title is hardly 
correct: depicted are a chess-board (5 x 5, to simplify Death's task even further, 
I presume). Death, and the Knight, smiling his best (as his PR advisor, no 
doubt, taught him) politely inclined towards the ruling party. The Knight 
stands on the same side of the board as Death, so manifestly both are playing 
together against us. Misha, who was restless during the day being anxious not 
to miss his train, suddenly relaxed having seen this fresco. This was the last 
fresco we saw and on the way back we discussed something neutral. He said he 
enjoyed the frescoes. On our way back we got into a traffic jam and missed his 
train by a few minutes. Naturally, I paid the penalty. Misha wrote to me later 
insisting to repay or split the cost, so I answered that I did not change that 
much after emigration, and he should know better. He retorted as in the good 
old days when we all were younger saying, "I regret that Israel is so small, and 
so penalties for missing the train arc low. Anyway, I hope to sec you one day 
and promise to make you miss the train from Haifa to wherever." He also gave 
me a reprint of his superstring paper (somebody "borrowed" my copy of the 
reprint he gave me in Moscow) and wrote in Russian: "To DL, as a memory of 
our friendship that I hope not interrupt" . The inscription looked very strange 
to me. Now I understand it: he already knew about his cancer. 

I think all who knew Misha love him. One can not use past tense with this 
verb. And therefore it is infinitely sad not to be able, ever, to miss the train 
in Misha's company, this side of the Chess-Board we all try to describe before 
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we meet the ultimate opponent. 



1 Introduction 

This is a part of an expanded transcript of two talks at the International 
Workshops "Supersymmetry and Quantum Symmetry": (1) at Dubna, July 
22-26, 1997, we described the case of tas and €(1|6), sketched the case 
and mentioned earlier results of Kochetkov on t)[e(4|3) and mb(4|5), (2) at 
Karpacz, September 23, 2001, we pDnsidered mb(3|8) and ts[e(5|10). 

Broadhurst and Kac observedllZl that some of the exceptional Lie superal- 
gebras (listed in Refs. |^) might pertain to a GUT or the Standard Model, 
their linSjar parts being isomorphic to 5l(5) or 5l(3) ©s[(2) ©0[(1). Kac demon- 
stratedtSl that for the Standard Model with su(3) © su(2) u(l) as the gauge 
group a certain remarkable relation between o[e(3|6) and some of the known 
elementary particles does take place; it seems that for mb(3|8) there is even 
better correspondence. 

The total lack of enthusiasm from the physicists' community concerning 
these correspondences is occasioned, perhaps, by the fact that no real form 
of any of the simple Lie superalgebras of vector fields with polynomial coef- 
ficients has a unitary Lie^algebra as its linear part. Undeterred by this, Kac 
and Rudakov calculatedEj some o[e(3|6)-invariant differential operators. They 
calculated the operators for finite dimensional fibers only. This restriction 
makes calculations a sight easier but strikes out many operators. The amount 
of calculations for mb(3|8) is too high to be performed by hands. 

The problem we address — calculation of invariant differential operators 
acting in tensor fields on manifolds and supermanifolds with various structures 
— was a part of our Seminar on Saipcrmanifold's agenda since mid-70's. Here 
we use Grozman's code SupcrLidU to verify and correct earlier results and 
obtain new ones, especially when bare hands are inadequate. The usefulness 
of SuperLie was already demonstrated when we calculated the left-hand side of 



A^-extended SUGRA equations for any N, cf. Ref. 15. We review the whole field 
with its open problems and recall interesting Kirillov's results and problems 
buried in the VINITI collectionE3 which is not very accessible. Another nice 
(and accessible) review we can recommend in addition to Ref. ^ is Ref. p9|. 
What is done 

(1) We list (degeneracy conditions) all differential operators, or rather 
the corresponding to them singular vectors, of degrees 1, and 2 and, in some 
cases, of all possible degrees (which often are < 2), invariant with respect 
to several exceptional Lie superalgebras of vector fields. When degeneracy 
conditions are violated (absence of singular vectors) the corresponding induced 
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and coinduced modules are irreducible. For some exceptions EVERY module 
I(y) has a singular vector. This is a totally new feature. For o[e(3|6) (and 
finite dimensional fibers) the answer coincides with Kac-Rudakov's one. 

(2) We observe that the linear parts of two of the W-regradings of mb are 
Lie superalgebras strictly greater than sl(3) © s[(2) © They (or certain 

real forms of them) are natural candidates for the algebras of The would be 
Standard Models; modern "no-go" theorems do not preclude them. 

1.1 Veblen's problem 

The topology of differentiable manifolds has always been related with various 
geometric objects on them and, in particular, with operators invariant with 
respect to the group of diffeomorphisms of the manifold, operators which act 
in the spaces of sections of "natural bundles" pi whose sections are tensor fields, 
or connections, etc. For example, an important invariant of the manifold, its 
cohomology, stems from the de Rham complex whose neighboring terms are 
bridged by an invariant differential operator — the exterior differential. 

The role of invariance had been appreciated already in XIX century in 
relation with physics; indeed, differential operators invariant with respect to 
the group of diffeomorphisms preserving a geometric structure are essential 
both in formulation of Maxwell's laws of electricity and magnetism and in 
Einstein-Hilbcrt's formulation of relativity. 

Simultaneously, invariance became a topic of conscious interest for math- 
ematicians: the representation theory flourished in works of F. Klein, followed 
by Lie and E. Cartan, to name the most important contributors; it provided 
with the language and technique adequate in the study of geometric structures. 
Still, it waa_pot until O. Veblen's talk in 1928 at the Mathematical Congress 
in BolognaE3 that invariant operators (such as, say. Lie derivative, the exterior 
differential, or integral) became the primary object of the study. In what fol- 
lows we rule out the integral and other non-local operators; except in Kirillov's 
example, we only consider local operators. 

Schouten and Nijenhuis tackled Veblen's problem: they reformulated it in 
terms of modern differential geometry and found several new bilinear invariant 
differential operators. Schouten conjectured that there is essentially one unary 
invariant differential operator: the exterior differential of differential forms. 
This conjecture had been proved in particular cases by a number of people, and 
in full generality in 1977-78 by A. A. Kirillov and, independently, C. L. Terng 
(see Refs.m, ||). 

Thanks to the usual clarity and an enthusiastic way of Kirillov's presenta- 
tion he drew new attention to this problem, at least, in Russia. Under the light 
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of this attention it became clear (to J. Bernstein) that in 1973 A. Rudakovlia 
also proved this conjecture by a simple algebraic method which reduces Ve- 
blen's problem for differential operators to a "computerizable" one. 

Thus, a tough analytic problem reduces to a problem formally understand- 
able by any first year undergraduate: a series of systems of linear equations in 
small dimensions plus induction. The only snag is the volume of calculations: 
to list all unary operators in the key cases requires a half page; for binary 
operators one needs about 50 pages and induction becomes rather nontrivial; 
for r-nary operators with r > 2 only some cases seem to be feasible. 

Later Rudakov and, for the contact series, I. Kostrikin, classified unary 
differential operators in tensor fields on manifolds invariant with respect to 
each of the remaining three simple infinite dimensional Z-graded Lie algebras 
£ of vector fields. In passing, the definition of the tensor field was generalized 
and primitive forms came to foreground. 



1.2 Rudakov's breakthrough (following Bernstein^ ) 

Hereafter the ground field K is C or M. Without going into details which will 
be given later, observe that the spaces in which invariant operators act fall into 
two major cases: spaces of tensor fields (transformations depend on the 1-jet 
of diffeomorphism) and spaces depending on higher jets, called HJ-tensors for 
short. We will only study tensors here, not HJ-tensors. 

1) Instead of considering Diff (C/)-invariant operators, where [/ is a local 
chart, let us consider tiect([/)-invariant operators, where t)ect(t/) is the Lie alge- 
bra of vector fields on U with polynomial coefficients, or its formal completion. 
{A posteriori one proves that the global and the local problems are equivalent, 
cf. Ref. H). Accordingly, instead of tensor fields with smooth coefficients, we 
consider their formal version: T{V) = V ® 'K[[x\\, where x = {xi, . . . , Xn) and 
n = dim U. 

2) We assume here that V is an irreducible gl(n)-module with lowest weight. 
Observe that while the requirement of lowest weight seems to be "obviously" 
reasonable, that on irreducibility is not, unless we confine ourselves to finite 
dimensional modules V. In super setting we are forced, in the absence of 
complete reducibility, to consider indecomposable representations even for finite 
dimensional modules. Irreducible modules is just the simplest first step. 

3) Instead of the coinduced module, TiV), consider the dual induced mod- 
ule, I{V*) — K[d] V*, where di = The reason: formulas for mzi{U)- 
action are simpler for I{V*) than for T{V). (The results, contrariwise, are 
more graphic in terms of tensor fields.) 

Observe that each induced module is a "highest weight one" with respect 
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to the whole g = Vect{U), i.e., the vector of the most highest weight with 
respect to the hnear vector fields from go — is annihilated by g+, the 

subalgebra of g consisting of all operators of degree > relative the standard 
grading {degXi = 1 for all i). 

In what follows the vectors annihilated by 0+ will be called singular ones. 

4) To every r-nary operator D : T(Vi) ® • • • ® T(Vr) — > T{V) the dual 
operator corresponds 

D* : I{W) — > I{Wi)(g)---®I{Wr), where W = V* , = W* , 

and, since (for details see Ref. ^) each induced module is a highest weight 
one, to list all the D's, is the same as to list all the Qo-highest singular vectors 
D* e I{Wi) (g) ■ • • (g) I(Wr). In what follows r is called the arity of D. 

5) In super setting, as well as for non-super but infinite dimensional one, 
the above statement is not true: the submodule generated by a singular vector 
does not have to be a maximal one; it could have another singular vector of 
the same degree due to the lack of complete reducibility. 

For unary operators and Lie algebras this nuisance does not happen; this 
was one of the (unreasonable) psychological-motivations to stick to the finite 
dimensional case even foL Lie superalgebrasP cf. Ref. 

6) Rudakov's papeicS contains two results: 

(A) description of t)ect(n)-invariant operators in tensor fields (only the 
exterior differential exists) and (the main bulk of the paper) 

(B) proof of the fact that between the spaces of HJ-tensors there are 
no unary invariant operators. 

Problems 1) Describe r-nary invariant operators in the spaces of HJ- 
tensors for r > 1. 

2) Describe r-nary invariant operators in_the superspaces of HJ-tensors. 

The dual operators Kirillov noticecuj that by means of the invariant 
pairing (we consider fields on M with compact support and tensoring over the 
space 5" of functions) 

B : T{V) X {T{V*) 03^ Vol{M)) — > M, (t, t* vol) ^ j {t, t*)vol 

one can define the duals of the known invariant operators. For the fields with 
formal coefficients we consider there is, of course, no pairing, but we consider a 
would he pairing induced by smooth fields with compact support. So the formal 
dual of T{V) is not T{V*) because the pairing returns a function instead of a 
volume form to be integrated to get a number, and not T{V)* because T{V)* 
is a highest weight module while we need a lowest weight one. Answer: the 
formal dual of T{V) is T(V*) Vol{M). 
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Possibility to dualize, steeply diminishes the number of cases to consider 
in computations and helps to check the results. Indeed, with every invariant 
operator D : T{V) — > T(W) the dual operator D* : T{W*) Vol{M) — > 
T{V*) 0gr VbZ(Af) is also invariant. For example, what is the dual of d : fi'^ — > 
cigarly, it is the same d but in another incarnation: d : ri"^'^'^^ — > 
^n-fc_ Though, roughly speaking, we only have one operator, d, the form of 
singular vectors corresponding to d differs with k and having found several 
"new" singular vectors we must verify that the corresponding operators are 
indeed distinct. This might be not easy. 

Observe that these arguments do not work when we allow infinite dimen- 
sional fibers (dualization sends the highest module into a lowest weight one, 
so it is unclear if a highest weight module with a singular vector always cor- 
respond to this lowest weight one). Sometimes, being tired of calculations, or 
when the computer gave up, we formulated the description of singular vectors 
"up to dualization" ; sometimes even the computer became "tired" . We will 
mention such cases extra carefully; we intend to reconsider these cases on a 
more powerful computer. 

1.3 Further ramifications of Veblen's problem 

Rudakov's argumentsil show that the fibers of HJ-tensors have to be of infi- 
nite dimension; the same holds for Lie superalgebras, though arguments are 
different. Traditionally, fibers of tensor bundles were only considered to he 
of finite dimension, though even in his first paper on the subject RudakovCJ 
digressed from traditions. 

1°. In the study of invariant operators, one of the "reasons" for confin- 
ing to tensors, moreover, the ones corresponding to finite dimensional fibers, 
is provided by two of Rudakov's resultsiEJ (1) there are no invariant opera- 
tors between HJ-tensors, (2) starting with any highest weight modules I{V), 
Rudakov unearthed singular vectors only for fundamental (hence, finite di- 
mensional) representations. Though (1) only applies to unary operators, re- 
searchers were somewhat discouraged to consider HJ-tensors even speaking 
about binary operators. 

Consider invariant operators of arity > 1 between the spaces of HJ-tensors 
(see Problem above). Is it true that in this case there are no invariant operators 
either? 

2°. Kirillov proved that (having fixed the dimension of the manifold and 
arity) the degree of invariant (with respect to Oect(n)j differential operators is 
hounded, even dim of the space of invariant operators is bounded. 

There seems to be no doubt that a similar statement holds on superman- 
ifolds ... but Kochetkov's examples reproduced below and our own ones show 



Invariant operators and Standard Models 9 



that these expectations are false in some cases. 

Problem Figure out the conditions when the dimension of the space 
of invariant operators is bounded. (We conjecture that this is true for all the 
series of simple vectorial Lie superalgebras in the standard grading.) 

3°. On the line, all tensors are A-densities and every r-linear differential 
operator is of the form 

L : ifidx^' , . . . , frdx^") ^ Pl(/i, . . . , fr)dx\ 

Kirillov shows (with ease and elegance) that invariance of L is equivalent to 
the system 



E 



-TT + (? + l)As r 

dti+' ' dti 



^^(^) = ^ forj>0 W 



Clearly, differential operators correspond to polynomial solutions (t) and in 
this case A = -^s ~ degPt- Kirillov demonstrated that nonpolynomial 

solutions do exist: for r = 2 and Ai = A2 = the function 

satisfies (*) for A = 0. 

Problem What invariant operator corresponds to this solution? De- 
scribe all (any) of the nonpolynomial solutions of (*) and the corresponding 
operators. 

4°. To select a reasonable type of r-nary operators is a good problem. 
Symmetric and skew-symmetric operators, as well as operators on A-densities 
are the first choices but even in such simple cases there are few results. These 
results, though scanty, are rather interesting: quite unexpectedly, some of them 
are related to calculation of the N. Shapovalov determinant for the Virasoro 
algebra, cf. Ref. ||. 

5°. Since the real forms of simple vectorial Lie algebras are only trivial ones 
(in the natural polynomial basis replace all complex coefficients with reals) , the 
results for R and C are identical. In super cases for nontrivial real forms some 
new operators might appear; we will discuss this in the detailed version of the 
text. 



1.4 Arity > 1 

Grozman added a new dimension to Rudakov's solution of Vehle.n's problem: 
in 1978 he described all 6mary invariant differential operatorstllO It turned 
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out that there are plenty of them but not too many: modulo dualizations 
and permutations of arguments there are eight series of first order operators 
and several second and third order operators all of which are compositions of 
first order operators with one exception: the 3rd order irreducible Grozman 
operator on the line. There are no invariant bilinear operators of order > 3. 

Miraculously, the 1st order differential operators determine, bar a few ex- 
ceptions, a Lie superalgebra structure on their domain. (Here Lie superalgebras 
timidly indicated their usefulness in a seemingly nonsuper problem. Other ex- 
amples, such as Quillen's proof of the index theorem, and several remarkable 
Witten's super observations followed soon.) 

Limits of applicability of Rudakov's method Though fans of 
Rudakov's method,^ let us point out that its application to simple finite di- 
mensional subalgebras of the algebras of vector fields is extremely voluminous 
computational job; therefore, it is ill applicable, say, to isometrics of a Rie- 
mannian manifold or the group preserving the Laplace operator. 

Fortunately, when Rudakov's method fails, one can usually apply other 
methods (Laplace-Casimir operators, N. Shapovalov determinant, etc.). 

1.5 Generalized tensors and primitive forms 

Rudakov considered also operators invariant with respect to the Lie algebra 
of Hamiltonian vector fields on the symplectic manifold {M'^",uj)c3 Thanks 
to nondegeneracy of uj we can identify fi* with So the operator d* : 

n"~'-^ — ^ ^n-z^ ^^^l ^jjg exterior differential d : fl' — > looks like a 
new operator, 6 : $1*+^ — > n\ the co-differential. There are also (proportional 
to each other) compositions SoujoS and douj^^od, where uj~^ is the convolution 
with the bivector dual to w. 

A novel feature is provided by the fact that "tensors" now are sections of 
the representation of 5p{V), not qI{V). Since various representations of 5p(l/) 
can not be extended to representations of qI{V) these "tensors" are, strictly 
speaking, new notions. 

Another novel feature we encounter considering subalgebras g of Oect are 
primitive forms. If the Oect-module I(V) contains a singular vector with respect 
to Oect, so it does with respect to g. But the irreducible Oecto-module V does 
not have to remain irreducible with respect to submodule of the go- The 
go-irreducible component with the biggest highest weight in V is called the 
Qo-primitive (usually, just primitive) component. Examples: the primitive 
components appeared in symplectic geometry (we encounter their counterparts 



Interplay between restriction and induction functors goes back to Frobcnius, but discovery 
of each instance deserves an acknowledgement, we presume. 
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in finite dimensional purely odd picture as spherical harmonicspjO) contact 
analogues of primitive forms are described in Rcf. Spaces of primitive 
differential and integrable forms are just restrictions of the "usual" domain of 
the exterior differential; but other types of primitive tensors are domains of 
really new invariant operators. 

Further examples A. Shapovalov and Shmelev considered the Lie su- 
peralgebras of Hamiltonian vector fields and (following Bernstcina who consid- 
ered the non-super case) their central extension, the Poisson Lie superlagebra, 
see Refs.^, ^ and ^2[ - |5^ . Shmelev also considered the operators invariant 
with respect to the funny exceptional deformation ()a(2|2) of the Lie superalge- 
bra f)(2|2) of Hamiltonian vector fieldsEl See also Ref.^for further description 
of [}a(2|2). 

By that time I. Kostrikin described singular vectors for the contact Lie 
algebras and found a "new" 2nd order invariant operator. This operator was 
actually well-known in differential geometry as an Euler operator (for its de- 
scription see Ref.|3^; here we just briefly observe that it is not ^Xidi, this 
is another Euler operator); it is needed for invariant formulation of Monge- 
Ampere equations, cf. Ref. LeitesCHl generalized I. Kostrikin's calculations 
to contact Lie swperalgebras and found out that there seem to be no analogue of 
Euler's operator in supersetting. This makes one contemplate on the following: 

Problem What are superanalogs of Monge- Ampere equations, if any? 

In 19ZZ|-|"odd" analogs of the hamiltonian and contact series were 
discoveredcira Batalin and Vilkovisky rediscovered the antibrjacket related to 
these series and showed its importance, cf. Ref. |l^. KochetkovnJ~E3 undertook 
the task of calculating the corresponding singular vectors. He digressedjto con- 
sider two of the three known at that time Shchepochkina's exceptionsc^l (and 
named after her with the first Cyrillic letter of her name), one of which was 
recently reconsidered in another realization in Ref. ^ At the last moment we 
have found out more singular vectors (= invariant operators) than in Ref. ^ 
, even with finite dimensional fibers; SuperLie is indeed indispensable. After 
the last moment we have considered 012; we reproduce Kochetkov's result for 
comparison. For the lack of resources we left out some possible cases of sin- 
gular vectors, but we are sure they are improbable. Though for t)[e(4|3) and 
mb(4|5) all degrees can occure, we are sure induction a la Kochetkov (complete 
list of singular vectors) can be performed. Various regradings of fele seem to 
be a tougher problem. 
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1.6 Superization leads to new developments 

The study of invariant differential operators on supermanifolds began in 1976 as 
a byproduct of attempts to construct an integration theory on supermanifolds 
similar to the integration theory of differential forms on manifolds. Bernstein 
and Leites became interested in Veblen's problem when they tried to construct 
an intesra-tion theory for supermanifolds containing an analog of the Stokes 
formulaU'Q At that time there were only known the differential forms which 
are impossible to integrate and the volume forms of the highest degree. Unlike 
the situation on manifolds, no volume form coincides with any differential form 
and there was known no analogs of volume forms of lesser degrees. 

Having discovered integrahle formaJfl (i.e., the forms that can be inte- 
grated; Deligne calls them integral formsEl) Bernstein and Leites wanted to be 
sure that there were no other tensor objects that can be integrated. Observe 
several points of this delicate question. 

(1) The conventional Stokes formula on a manifold exists due to the fact 
that there is an invariant operator on the space of differential forms. The 
uniqueness of the integration theory with Stokes formula follows then from the 
above result by Rudakov and its superization due to Bernstein and Leites. 

Since there are several superanalogs of the determinant, it follows that on 
supermanifolds, there are, perhaps, several analogs of integration theory, see 



Ref.|34|, some of them without Stokes formula. Still, if we wish to construct 
an integration theory for supermanifolds containing an analog of the Stokes 
formula, and, moreover, coinciding with it when the supermanifold degenerates 
to a manifold, we have to describe all differential operators in tensor fields on 
supermanifolds. 

(2) Bernstein and Leites confined themselves to finite dimensional repre- 
sentations p owing to tradition which says that a tensor field is a section of a 
vector bundle with a Rnite dimensional fiber on which the general linear group 
acts. Even in doing so Bernstein and Leites had to digress somewhat from the 
conventions and consider, since it was natural, ALL finite dimensional irre- 
ducible representations p of the general linear Lie superalgebra. Some of such 
representations can not be integrated to a representation of the general linear 
supergroup. 

Inspired by Duflo, Leites used calculations of Ref. || to describe invariant 
differential operators acting in the superspaces of tensor fields with infinite 
dimensional fibers, see Ref. These operators of order > 1 are totally new, 
though similar to fiberwise integration along the odd coordinates. The opera- 
tors of order 1 are also not bad: though they are, actually, the good old exte- 
rior differential d, the new domain is that of semi-infinite forms, certain class 
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of pseudodifFerential forms. Observe that quite criminally (in V. I. Arnold's 
words) no example of the corresponding new type homology is calculated yet, 
except some preliminary (but important) results of Shander, see Ref. |3^ v. 31, 
Ch. 4, 5. 

(3) Even under all the restrictions Bernstein and Leites imposed, to say 
that "the only invariant differential operator is just the exterior differential" 
would be to disregard how drastically they expanded its domain (even though 
they ignored semi-infinite possibilities) . It acts in the superspace of differential 
forms and in the space of integrable forms, which is natural, since the space of 
integrable forms is just the dual space to the superspace of differential forms. 
Though Bernstein and Leites did not find any new invariant differential oper- 
ator (this proves that an integration theory on supermanifolds containing an 
analog of the Stokes formula can only he constructed with integrable forms), 
they enlarged the domain of the exterior differential to the superspace of pseu- 
dodifferential and pseudointegrable forms. These superspaces are not tensor 
fields on M™'" unless n — 1, but they are always tensor fields on the superman- 
ifold M whose structure sheaf 0^^ is a completion of the sheaf of differential 
forms on M; namely, the sections of 0^^ are arbitrary functions of differentials, 
not only polynomial ones. 

(4) Bernstein and Leites did not consider indecomposible representations 
p which are more natural in both the supersetting and for infinitepdimensional 
fibers. The first to consider indecomposible cases was Shmelev;Lfl his result 
was, however, "not interesting" : there are no totally new operators, just com- 
positions of the known ones with projections. For a review of indecomposible 
representations of simple Lie superalgebras see Ref. |35| . 

Integration and invariant differential operators for infinite di- 
mensional fibers There are new operators invariant with respect to the 
already considered (super)groups of diffeomorphisms or, equivalently, their Lie 
superalgebras, if we let them act in the superspaces of sections of vector bun- 
dles with infinite dimensional fibers. These operators of high order have no 
counterparts on manifolds and are versions of thc-Berezin integral applied 
fiber-wise. (A year after the talk with these resultsE3 was delivered, I. Penkov 
and V. Serganova interpreted some of these new operators as acting in the 
superspaces oLcertain tensor fields on "curved" superflag and supergrassmann 
supervarietiesH) 

We hope to relate with some of these operators new topological invari- 
ants (or perhaps old, like cobordisms, but from a new viewpoint). Recall that 
since the de Rham cohomology of a supermanifold are the same as those of its 
underlying manifold, the "old type" operators are inadequate to study "topo- 
logical" invariants of supermanifolds. The operators described here and related 
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to vector bundles of infinite rank lead to new (co)homology theories (wc prefix 
them with a "pseudo" ) . These pseudocohomologies provide us with invariants 
different from de Rham cohomology; regrettably, never computed yet. 

The approach adopted here for the operators in the natural bundles with 
infinite dimensional fibers on supermanifolds prompts us to start lookixLg for 
same on manifolds. From the explicit calculations in Grozman's thesispll it is 
clear that there are some new bilinear operators acting in the spaces of sections 
of tensor fields with infinite dimensional fibers. 

1.7 An infinitesimal version of Veblen's problem 

Denote J = IK[[a;]], where x = (ui, . . . ,m„,^i, . . . ,^m) so that p{ui) — and 
-P(Cj) = 1- Denote by (x) the maximal ideal in 3^ generated by the Xi. Define 
a topology in H so that the ideals (a;)'', r = 0, 1, 2, . . . are neighborhoods of 
zero, i.e., two series are r- close if they coincide up to order r. We see that ? 
is complete with respect to this topology. 

Denote by Oect(?T.|m) the Lie superalgebra of formal vector fields, i.e., of 
continuous derivations of K[[x]]. By abuse of notations we denote J)erK[x], the 
Lie superalgebra of polynomial vector fields, also by Oect(n|7Ti). 

Define partial derivatives di = € Dect(n|m) by setting di{xj) = 6ij 
with super-Leibniz rule. Clearly, p{di) = p{xi) and [di^dj] = 0. Any element 
D e t)ect(n|m) is of the form D = fi^^i^ where fi = D{xi) £ J. We will 
denote t)ect(n|m) by L. In define a filtration of the form iL = £_i D Ho D 
-Ci D ... setting 

-Cr = {£> e Oect(n|m) | D{J) C 

This filtration defines a topology on iL, the superspaces Lr being the base of 
the topology, open neighborhoods of zero. 

Denote by L = ©Lr, where Lr — Lr/Cjr+i, the associated graded Lie 
superalgebra. Clearly, Lq ~ gl{n\m) with Eij < — > xjdi. 

Let p be an irreducible representation of the Lie superalgebra Lq = gl{n\m) 
with lowest weight in a superspace V. Define a Oect(n|TO)-module T(p) also 
denoted by T{V) by setting T{V) =3'i^^V. The superspace T{V) evidently 
inherits the topology of 3^. To any vector field D, assign the operator Ld : 
T{V) — > T(y) — the Lie derivative — such that for / G J and v £V 

Lc(/«) = i5(/)i; + (-l)^'(^)^'(/)^i?'^p(£;.,)W, (1.7.1) 

where D^^ = (_i)p(^.)(p(/)+i)a./j . We wiU usually write just D instead of Ld- 
The elements t G T{V) will be called tensor fields of type V. The modules 
T{V) are topological; their duals are spaces with discrete topology. 
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Observe that even if V is finite dimensional, the elements of T{V) are 
generalized tensors as compared with the classical notion: the space V might 
not be realized in the tensor product of co- and contra-variant tensors, only 
as a subquotient of such; e.g., unlike the determinant (or trace, speaking on 
the Lie algebra level), the supertrace is not realized in tensors and we have to 
introduce new type of "tensors" — the A-densities. 

For any Lg-module V with highest weight and any Lo-modulc W with 
lowest weight set 

IiV)^UiL)®u(M)V; r(T^) = Homy(^„)(C/(£),M^), (1.7.2) 

where we have extended the action of Lq to a J7(iLo)-action by setting LiV = 
and LiW = 0. Clearly, 

a) I{V) is an iL-module with discrete topology. 

b) I{Vy ^ T{V*) 

c) definition of the tensor fields with iL-action (1.7.1) is equivalent to the 
one given by (1.7.2). 

Thus, instead of studying invariant maps T{Wi) — > T{W2) (or T{Wi) (g) 
T{W2) — > T{W3), etc.) we may study submodules — or, equivalently, singular 
vectors — of I{V) (resp. of I{Vi) ® /(V2), etc.). They are much easier to 
describe. 

Further generalization of tensors. The highest weight theorem 

Let 

-C — -Cj— (J D • ■ • D -Cjq — ' "^1 ^ • ■ ■ 

be a Lie superalgebra of vector fields with formal or polynomial coefficients and 
endowed with a Weisfeiler filtration/grading described in what follows (for the 
time being consider a "most natural" grading, like that in oect above). We 
define the space of generalized tensor fields and its dual by the same formula 
(1.7.2) as for the usual tensor fields given any Lg-module V with highest weight 
and any Lo-module W with lowest weight such that ZiV = and ZiW = 0. 

Observe that for the Lie algebra of divergence-free vector fields the spaces 
T{W) are the same as for Oect. For some other Lie superalgebras the notion of 
tensors we give is different because there are representations of Lq distinct from 
tensor powers of the identity one. For example, for the Lie superalgebra £ of 
Hamiltonian vector fields f)(2n|TO) such is the spinor representation (for n = 0); 
if we consider infinite dimensional fibers such is the oscillator representation 
(for m = 0), and in the general case such is the spinor-oscillator representation, 
cf. Ref.||. 

Thus, the first step in the study of £<-invariant operators is a description 
of irreducible Lo-modules, at least in terms of the highest/lowest weight. For 
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the majority of the Lq's this is not a big deal, but the catch is that for some 
io's there is no easy highest /lowest weight theorem, even for finite dimensional 
modules. We will encounter this phenomenon with as, the linear part of Oas. 

An aside remark: being interested not only in representations of vecto- 
rial algebras (with polynomial coefficients) but in their stringy analogs (with 
Laurent coefficients), too, observe that vacuum over Lq can be degenerate. 

Problem For all Weisfeiler gradings of simple vectorial superalgebras £< 
describe conditions for the highest (lowest) weight under which the irreducible 
quotient of the Verma module over Lq is finite dimensional and describe the 
corresponding module (say, in terms of a character formula, cf . Rcf . ^) . 

Examples of generalized tensor fields Clearly, for iL = tiect(n|m) 
we have L = T(id), where id — Span{di | 1 < i < n + m) is the (space V of 
the) identity representation of Lq — qI{V) ~ Qi{n\m). The spaces T(£''(id*)) 
are denoted by 17'; their elements are called differential i-forms and the right 
dual elements to di are denoted by Xi = dxi, where p{xi) = p{xi) + 1. In 
particular, let 9^ = 17° be the algebra of functions. 

The algebra of arbitrary, not only polynomial, functions in Xi — dxi 
is called the algebra of pseudodifferential forms. An important, as Shander 
showed in Ref.|3^ v. 31, Ch. 5, subspace Sl*-^) of homogeneous pseudodiffer- 
ential forms of homogeneity degree A G K is naturally defined as functions of 
homogeneity degree A with respect to the hatted indeterminates. 

Define the space of volume forms Vol to be r(str); denote the volume 
element by vol{x) or vol{u\6). (Observe again that it is a bad habit to denote, 
as many people still do, vol by d"ud™9: their transformation rules are totally 
different, see, e.g., Refs.|, |.) 

The space of integrable z-forms is Ej = Homgr(f2', Vol). In other words, in- 
tegrable forms are Vb^-valued polyvector fields. Pseudointegrablc forms are de- 
fined as elements of S = Homgr(il, Vol); the subspace ^(\) — Homgr(f2*^'^' , Vol) 
of homogeneous forms is also important. 

Particular cases: a) m = 0. We see that 17' = for i > n and = 
for i < 0. In addition, the mapping vol i— > ii • • • x„ defines an isomorphism of 
17* with Si preserving all structures. 

b) n = 0. In this case there is an even iL-module morphism J : E_„j — > IK 
called the Berezin integral. It is defined by the formula 

j ^i---Uvol ^l,&nd j ■■■i'^ vol = Q if n^' = '^- 

We will also denote by / the composition / : E_m ^ K ^ 17° of the 
Berezin integral and the natural embedding. 
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c) m = 1. We generalize 51' and Ej to the spaces $^ of pseudodifFer- 
entional and pseudointegral forms containing f2' and Ej, where A G K. Let 
X = (ui,-- - ,u„,^). Consider a K-graded il-module $ = 0$"^ (we assume 
that degii = 1 e IK) generated by where deg^"^ = A and p{^^) — 0, with 
relations ^ • = Define the action of partial derivatives di and dj for 

1 < j < n + 1 via dj{x,) = 0, = 0, du,ii^) = and d^{i^) = A^'^-^. 

On <I>, the derivations d, id and Ld consistent with the exterior derivation 
d, the inner product iD and the Lie derivative on Q are naturally defined. 

It is easy to see that $ = is a supercommutative superalgebra. 

Clearly, <I> is a supcrspace of tensor fields and for <i>^ = (Brez^^ we have a 
sequence 

^ ^ $z ^ E ^ (*) 
where the maps a and /3 are defined by 

a{uj)=uj^°, (3{ui ■ ■ -Un^^^) = vol. 

Clearly, the homomorphisms a and /3 are consistent with the fJ-module struc- 
ture and the operators d, and Ld. The explicit form of the 9^-basis in fl, E 
and $ easily implies that (*) is exact. 

1.8 Operators invariant with respect to nonstandard realizations 

At the moment the iL-invariant differential operators are described for all but 
one series of simple vectorial Lie superalgebras in the standard realization. 
Contrariwise, about operators invariant with respect to same in nonstandard 
realizations almost nothing is known, except for t)ect(m|n; 1), see Ref. ^ 

For series, the standard realization is the one for which dimiL/iLo is min- 
imal; for exceptional algebras the notion of the standard realization is more 
elusive, and since there are 1 to 4 realizations, it is reasonable and feasible to 
consider all of them. It is also natural to consider i)\{2\2) and i)\{2\2; 1) as 
exceptional algebras, especially at exceptional values of A. 

1.9 On description of irreducible H-modules 

Having described tiect(n|m)-invariant differential operators in tensor fields with 
finite dimensional fibers (answer: only d, and J if n — 0, m 0), we consider 
the quotients of T{V) modulo the image of the invariant operator. It could be 
that the quotient also contains a submodule. In the general case there are no 
such submodules (Poincare lemma), in other cases anything can happen, see 
Refs.m and ||||. 

Observe that to describe irreducible il-modules, it does not always suffice 
to consider only one realization of It is like considering generalized Verma 
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modules induced or co-induced from distinct parabolic subalgebras. Similarly, 
the description of invariant operators must be performed from scratch in each 
realization. 

Here we do not specifically consider the irreducible iL-modules; so far, the 
answers are known for tensors with finite dimensional fibers and in two cases 
only: Ref. (t)[e(3|6)) and Ref. ^ (t(l|n); weights of singular vectors are 
corrected below). 

2 Brief description of the exceptional algebras 

To save space, we do not reprQdmi(i.the details of definitions of exceptional sp^ 
peralgebras, see Ref.|^. ThusP'BEl sufiice to grasp the details of the theory;Ej 
to catch on with the list of exceptions we consider. 

Some of the exceptional algebras g = ^i>-d 0* isomorphic as abstract 
ones; there are five abstract families altogether. We realize them as Lie super- 
algebras of polynomial vector fields with a particular, Weisfeiler (shortly W-), 
grading or filtration. In any W-grading (a) the sum of the terms of positive 
degree is a maximal subalgebra of finite codimension and (b) the linear part, 
00 irreducibly acts on If depth d = 1, then each g is constructed as the 
Cartan prolong (or its generalization) of the pair (g_i,go)- To construct 6as, 
still another generalization of the Cartan prolongation is applied. For these 
generalizations, first described in Refs.^ andEs], see Ref.^. In Ref.§ there 
is given a 15-th regrading we missed in Ref. pOTand a nice interpretation of 
the exceptional algebras in terms of gg and the gg-module, gj. This interpre- 
tation is convenient in some problems, but in interpretations of our results the 
realization of g as (generalized) Cartan prolong is often more useful. 

We only recall that the classical Cartan prolong (g-i,go)* is defined in- 
ductively, as a subalgebra of vector fields in dimg_i indeterminates with given 
g_i and the linear part go, and where for i > 



Hereafter oect(m|n) is the general vectorial Lie superalgebra on m even and 
n odd indeterminates; soect(m|n) is its divergence- free or special subalgebra; 
6(2m -I- l\n) the contact algebra that preserves the Pfaffian equation a = 0, 
where 



For / G C[t,p, q, Q], where Q = (^, ?/, 9), define the contact field Kf by setting: 



Qi+i ^ {D e Oect(dimg_i) | [L',g-i] C g^. 



ai = 
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where E = Ylvi-^ (here the yi are all the coordinates except t), and Hf is 

i 

the hamiltonian field with Hamiltonian / that preserves dai: 

i<n \ J<™ / 

Replacement of some of the ^'s in the above formula with ^, r] leads to obvious 
modifications. 

The "odd" analog of the contact structure is given by the even form 
ao = dT+ ^ {iidqi + gid^i) 

l<i<n 

and formula for the vector field M/ — the analogs of Kf — generated by 
the function of r, ^, q are similar. The fields Mf span the "odd" contact Lie 
superalgebra, m(n). 

The regradings are given after the dimension of the supermanifold in the 

standard realization [r = 0, optional, marked by (*)) after semicolon. Observe 
that the codimension of £jq attains its minimum in the standard realization. 



Lie superalgebra 


its Z-grading 


tiect(n|m; r), 
< r < m 


deg = deg ^.j- = 1 for any i, j (*) 


deg £,j = for 1 < J < r; 
degui = deg^r_|_s = 1 for any i, s 


m(n; r), 
< r < n 
r ^ n — 1 


deg T = 2, deg = deg = 1 for any i (*) 


deg T = deg = 2, deg = for 1 < i < r < n; 
degq:p_|_ j- = deg^.p^^ = 1 for any j 


m(l|n;n) 


deg T = deg = 1, deg Ci = for 1 < i < n 


f(2»i+ l|m;r), 

< ^ < [^1 
r ^ fc - 1 for 771 = 2fc 
and n = 


dog t = 2 , 

dog = dog q.j = ik'^ ^ j = '^'^S = '^'^S '^fc = ^ '^''^^ Ji ^ (*) 


deg t = dog = 2, deg T7j = for 1 < i < r < [^]; 
deg = deg = deg 0^- = 1 for J > 1 and all i 


e(l|2™;r,i) 


deg t = deg 5^ = 1, dog rjj = for 1 < i < m 



Now the last notations: f)ei(2n|m) is the Heisenberg algebra, it is isomor- 
phic to t(2n + l|m)_, the negative part of t{2n + l\m); similarly, ab{m) is the 
antibracket algebra, isomorphic to m(m)_. 

A. Sergeev central extension, as, of spe(4): we represent an arbitrary el- 
ement ^ e OS as a pair A = x + d ■ z, where x G 5pe(4), d € C and z is the 
central clement. We define the bracket in as in its matrix realization in the 
spinor representation: 



+ d- z , 



b' 



+d'- 



b' 



+tr cc'-z , 
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where ~ is extended via linearity from matrices Cjj = Eij — Eji on which 
Cij = Cki for any even permutation (1234) (ijkl). 

The five types of exceptional W-graded Lie superalgebras are given above 
in their realizations as Cartan's prolongs (fl-i,£lo)* or generalized Cartan's 
prolongs (fl-, 0o)r'' for fl_ = gj expressed for d = 2 as {q-2, 9-i,Qo)T'' 

—d<i< — l 

together with one of the serial Lie superalgebras as an ambient which contains 
the exceptional one as a maximal subalgebra. The regradings R{r) of the 
ambients given below are sometimes not of Weisfeiler type. 



0le(4|3;r) ^ (n(A(3))/C • 1, coect(0|3))* c oect(4|3; E), r = 0,l,K 

0as(4|4) = (spin, as)* C oect(4|4) 

tas^(l|6;r) C e(l|6;r), r = 0,l^,3C 

eas«(l|6;3?7) = (Vb?o(0|3), c(oect(0|3))), C st)ect(4|3) 

mfa(4|5; r) = (ab(4), coect(0|3))r C m(4|5; R), r = 0,l,K 

fe[e(9|6;r) = (fiei(8|6),5Dect(0|4)3,4)J C e(9|6;r), r = 0,2, CK 

fate(9|6;i^) = (id,t(5), A^(id;,(5)),s[(5))fe C sPect(5|10; fl) 

Certain regradings R{r) of the ambients are so highly nonstandard that 
even the homogeneous fibers are of infinite dimension: 

1) Dle(4|3;r) = (n(A(3)/C • 1), ct)ect(0|3))» C t)ect(4|3), r = 0,1, K; 
r = : degy = degUi = deg^i = 1; 

r = l : degy = deg^i = 0, degM2 = degua = deg^2 = deg^s = 1, degwi = 2; 

r = K : dcgy = 0, degUi = 2; dcg^i = 1. 

2) 005(414) = (spin, as)* C 0ect(4|4); 

3) «os C e(l|6;r), r = 0,l,3^; £as(l|6; 3??) C S0ect(4|3); 
r = : degt = 2, deg7?i = 1; deg^i = 1; 

r = 1 : deg^i=0, degr/i =degi = 2, deg^2 = deg^3 = degry2 = deg?73 = 1; 
r = 3^ : deg^j = 0, degrj^ = dcgt = 1; 
r = 37? : deg?7i = 0, deg^i = deg< = 1. 

4) mb(4|5; r) = (ab(4), coect(0|3))™ C m(4), r = 0, 1, K; 
r = : dcgr = 2, degMi = deg^i = 1 for i = 0, 1, 2, 3; 

r^l : dcg r = dcg = deg ui = 2, deg U2 = deg U3 = deg ^2 = deg ^3 = 1; 
deg^i=deguo = 0; 

r = K : degr = deg^o = 3, deguo = 0, degWi — 2; deg^i = 1 for i > 0. 

5) es[e(9|6;r) = (f)ei(8|6),soect3,4(4))J c t(9|6), r = 0, 2, K, CK; 
r = : degt = 2, deg = deg = dcg = dcg 77^ = 1 ; 

r = 2 : degt = degg3 = degg4 = deg?7i =2, deggi=degg2=degpi=degp2 
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= degr?2 = degr?3 = degC2 = degC3 = l; degp3 = degp4 = degCi=0; 

r = K : degt = dcggfj = 2, dcgpj = 0; dcgCi=dcg77i = 1; 

r = CK : deg t = deg gi = 3, deg pi = 0; deg q2 = deg gs = deg 54 = deg Ci 

= deg C2 = deg Cs = 2 ; deg = deg ps = deg p4 = deg r?i = deg r?2 = deg % = 1 . 
To determine the minimal ambient is important for our problem: every op- 
erator invariant with respeet to an algebra is, of course, invariant with respeet 
to any its subalgebra. 

Here is the list of nonpositive terms of the exceptional algebras. Notations: 
c{q) denotes the trivial central extension with the 1-dimensional even center 
generated by z; C[k] is the trivial flo-module on which the central element z 
from 00 chosen so that z|g. = i-idg. acts as multiplcation by fc; a C b denotes the 
semidirect product in which a is the ideal; let d determine the Z-grading of g 
and not belong to g, we shorthand g 3 C{az + bd) to Qa,b', Vol{n\m) is the space 
of volume forms (densities) on the superspace of superdimension indicated, 
subscript singles the subspace with integral 0; T^/^ is the representation in 
the space of half-densities and Tq is the quotient of Volo modulo constants 
(over divergence-free algebra). 

Observe that none of the simple W-graded vectorial Lie superalgebras is 
of depth > 3 and only two algebras are of depth 3: mb(4|5; K), for which we 
have 

mb(4|5;if)-3-n(id,[(2)), 
and another one, tsk{9\6;CK) = d(ll|9), for which we have : 

c«(ll|9)_3~n(id,[(2)®C[-3]). 

Here are the other terms Qi for i < of the 15 exceptional W-graded algebras. 



e 


9-2 


0-1 


80 


r 


t.U(4|3) 




n(A(3)/C- 1) 


c(Dtct(0|3)) 





tile(5|4) 


CI-2] 


id (8 A(2) 


c(»[(2) g) A(2) C rl/2(„,jt(o|2)) 


1 


tile(3|6) 


'd,r(3) 


Kl(3) ®''1«I(2) »C[-1] 


»I(3) e at(2) ® Cz 


K 


t,as(4|4) 




Spin 


as 





Eos(116) 


C[-2] 


n(id) 


to (6) 





til»(5|5) 


A(l) 


idj|(2) » '<iBl(2) » A(l) 


(»1(2) e gl(2) ® A(l)) C >>ect(0|l) 


1? 


to»(4|4) 




A(3) 


A(3) ® s[(l|3) 


3« 


ta»(4|3) 




Vo!o(0|3) 


c(oect(0|3)) 


3T, 


mb(4|5) 


n(c[-2]) 


Vo!(0|3) 


c(Dtct(0|3)) 





mb(5|6) 


A(2)/C1 


iclj,,(2) ® A(2) 


c(»[(2) gl A(2) C T'"'^^^(lie(t(0|2)) 


1 


mii(3|S) 


'<»sl(3) 


n(id*,j3^ » i<i3|(2) »C[-1]) 


sl(3) e »1(2) e Cz 


K 


esl.(9|6) 


C[-2] 




soect(0|4)3 4 





e5[c(ii|9) 


n(i<ls,(l|3)) 


idj,(2) » A(3) 


(s((2) » A(3)) C sl(l|3) 


2 


eQ[c(5|io) 


id 


n(A2(id*)) 


5,1(5) 


K 


(sile{9|ll) 


id-,(3, ®A(1) 


'dsl(2) » ('<i.[(3) » 


sl(2) e (al(3) » A(l) € 0<!ct(0|l)) 


CK 
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In what follows, we write just / instead of Mf or Kf, and I instead of 

Ml. So, / • g denotes MfMg or KjKg, not Mfg or Kfg. Wc shorthand 
D : I{x) — > I{ip) to X = {a,b,c,d) — > tp = {e,f,g,h). Having selected a 
basis of Cartan subalgebra, we use it for every regrading. 

The negated degree of the singular vector, i.e, the degree of the corre- 
sponding operator, is denoted by d). We are sure that in some cases there are 
singular vectors (operators) of degree higher than listed ones; in such cases 
wc write "in degrees indicated the singular vectors arc ..." rather than "the 
following are all possible singular vectors" . In what follows mi is the nonzero 
highest weight vector of the flo-module V. 



3 Singular vectors for g = tile(3|6) 

We denote the indeterminates by x (even) and ^ (odd); the corresponding 
partial derivatives by d and d. The Cartan subalgebra is spanned by 

hi = —2x4<^ 94— Ci® <5i— 52— ^3<8> 53, h2 = — X2® % — a;3(g) as — ^i(g> (5i, 
hs = —XI ® 5l — X3 ® 93 — ^2 ® 52, h4 = —XI iSl dl — X2 <Si 82 — ^3 <Sl S3 

We consider the following negative operators from go: 

ai = 84, ai2 = -X4^a4 - x^iiSi - X4«2«2 - a:4«3'53 + « 1«2 83 - «1«382 + C2«38l 



«2 = - ^It^l - ^2^2 - ^383 + 3:484' «3 = ^2^2 + 3:393 + 

0,4 ^ - X2O1 + 5l^2' ^ - ^381 + £l'S3 

aQ = — xi92 + ^2^1 > aj = xidi + X393 + C2'52 

ag = — X3d2 + i2^3' = — xid^ + ^35i 

^10 = — X2d3 + §352, ail = xidi + X2d2 + ^3^3 



and the operators from g_ 



= ^2, = X452 - €183 + €381 , Tig = c?2 

= 53, nQ = x^S-^ - C2<>3 + 53^2' tiq = O3 



The nii are the following elements of the irreducible go-module V: 

TTi]^ is the highest weight vector "^9 = "^4 " *-^8 ' "^1 



: ag ■ "11 77112 = ai2 ■ ai2 - ai2 ■ 

^ ai2 ■ ai2 ■ mi mi^ ^ ai2 ■ ai2 ■ 0.4 ■ i 

■- ai2 ■ 04 ■ •m.i mi4 = ai2 ■ ai2 ■ as ■ 1 

- 0,12 ■ ag ■ mi "T'lS = ai2 ■ 04 ■ a4 ■ rn 

: 04 ■ a4 ■ mi mi6 = ai2 ■ 04 ■ ag ■ rn 



Theorem In I(V)^ there are only the following singular vectors of degree d): 

la) (/c, /c, I) — > (A; + 1, A; + 1, /, /): ni (8) mi; 

lb) (A;, A;, A; — 1, A; — 1) — > (k + 1, A;, A;, A; — 1): n2 mi + ni ms; 



Invariant operators and Standard Models 23 

Ic) (fc — 3,k,k,k — 1) — »■ {k — 2, k, k, k): n^^mi +n2^ m4 + ni (g) mg; 
Id) {-k, k- 2,1,1) — > {-k -l,k-l,l, I), where k^O 

A; ne mi + ni ig) m2; 

le) {-k, fc - 2, fc - 1, fc - 1) — > {-k-l,k-2,k, k), where kj^O,-l 

k (n5 (g) mi + ne (8) ma) — n2 (8> m2 + ni ig) me; 

If) (-A;, fc + 1, fc + 1, fc) — ^ (-A; - 1, fc + 1, fc + 1, fc + 1), where k^O 
k {ui mi — n5 (g) m4 + ne (g) mg) + ns (g) m2 + n2 my + ni (g) mie; 

2a) (0, -2, A:, fc) — > (0, 0, fc - 1, A; - 1): (ne-rii) (g) mi; 

2b) (0,-2,0,0)^(0,-1,1,0): 

(ns-ni - n6-n2) <g) mi + (ne-ni) ms 

2c) (1,0,0,-1)^(1,1,0,0): 

-(n8+n4-ni)0mi+(n3-ni)0m2+(ng+n5-ni)0m4+(n2-ni)0m7-(n6-ni)0mg 

2d) (-3,0,0,-1) ^(-3,1,0,0) 

(ns + n4-ni — 2 (ne-na)) (g> mi + (ns-ni) (g> m2 

— (ng + ns-ni + 2 (n6-n2)) <X> m4 + (n2-ni) ® — (ne-ni) (gi mg 

2e) (0, A;, —1, A; + 1) — > (0, A;, 1, A; + 1) (The dual cases were not calculated.) 

—k (1 + A;) (n5-n2) mi — A; (ns-ni — knQ-n2) ms + (ne-ni) mg 

3a) (A: — 2, A, k, k) — > (A: + 1, fc + 1, A; + 1, A + 1): {n^-n2-ni) ® mi, 

3b) (—3, -1,-1,-1) — > (—2, 0, 0, 0) (The dual cases were not calculated.) 

(n7-ni+n8-n2+ng-n3-n4-n2-ni-n5-n3-ni-n6-n3-n2) 0mi - (n3-n2-ni) 0m2 
4 Singular vectors for q = t)le(4|3) 

Here g = t)[e(4|3), former mi. In go = c(t)ect(0|3)) considered in the standard 
grading, we take the usual basis of Cartan subalgebra, ^ , and z we identify 
the go-module g_i with n(A(^)/C ■ 1), by setting 

Si = sign(ijfc)n(^j^fe) for {i,j,k) G S3. 
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We consider the following negative operators from go: 



yi = —3:182 + $2^1 Vl = —^28^ + €3^2 

Vi = -^O^s — S,\d2 + ^2^1 Vi = ^183 - €351 

= ^0^2 — Cl^3 + ^3^1 ye = ^O'^l + ^2^3 ~ ^3^2 



and the basis of Cartan subalgebra: 

hQ = :eiSi + 1202 + ="383 + "O^O + + 52'i2 + 53''3 

hi = X2O2 + 3:333 + Sl<5i 
h2 = ^lOi + 3:303 + ^2^2 
/13 = ^i^i + 3:2^^2 + ^3^3 

The rrij are the following elements of the irreducible go-module V: 

TT12 = Vl mi 77117 = W5 mi 77154 = y2 VA mi 

7713 = y2 mi 77126 = Vl Vr, mi 77157 = V3 ^5 "il 

7717 = y3 7711 "^31 = W3 y4 mi 77182 = Vl y5 mi 

7718 = f4 mi 77132 = (Vi)^ mi 77194 = 1/3 "il 
77112 = yi y3 "11 77133 = VG mi 771148 = y3 y4 V5 mi 
mi5 = V2 yS mi 77146 = ^2 7^5 "^1 "^150 = ^5 ^6 mi 

and rn32o = Vs Ub Ve f^i ■ Observe that our choice of ordering obscures the fact 
that the vectors mug, mi48, and mi5o are proportional. 

Theorem In I{V) in degrees indicated, there are only the following singular 
vectors: 

la) A — > A + (—1, 1, 1, 1), where 2Ai = A2 + A3 + A4: do mi 

lb) {k,l,l,k-l + l) — > {k-l,l + l,l + l,k-l + l): do mr + {k - 1)63) mi 

Ic) {k, k-l,l,k) — *{k- 1, k,l,k + 1): 

do (mi5 + {k- 2)mir) - {k - 1)^2 mi + ^3 m3 

Id) {k,l,k- I, k- I) — > {k-l,l,k-l + l,k-l + 1): 
9o(m26+m3i + (l-fc+2/)m33) + ((fc-2Z)(l+0)<5i mi-(/+l)52m2 + (/+l)53m8 

le) (1,1,0,0) (0,1,1,0): 
-29i m2 + 2^2 mi + do {ms2 + 2mg4) + 2Si mj + 2^2 mi2 + ^3 ("^26 - "^3i + 2m33) 

If) (0,0,0,-1)— .(-1,0,0,0): 

+9o (mi29 + mi48) + <5i (2mi6 — "^17) + ^2 (2m3i - mas) + <53 ("^46 + "154) 

2a) A — >\+ (-2, 2, 2, 2), where Ai = A2 + A3 + A4 + 1: dl mi 
2b) (fc, fc - 2, fc - 2, 3) — >{k- 2, /c, fc, 4): d^ m-j + 2do 63 mi 
2c) (fc, fc - 2, 2, fc - 1) — > (fc - 2, fc, 3, fc + 1): 

^0 (mi5 + (/e - 4)toi7) - 2(k - 3)5o 62 mi + 2do 63 m3 
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2d) (A:, 1, /fc - 1, fc - 1) — > {k-2,2,k + l,k + 1): 
do {m26 + "^31 + (3 - k)m^z) + 2(fc - 2)9o 5i mi - 2do 62 "^2 + 29o (^3 ™8 

2e) (2,1,1,1) ^ (0,2,2,2): 

"1320 + 29i 9o ("1.26 + rnz\) + 20i <5i mi - 20i ni2 
+291 ^3 7718 — 292 do mis + 2O2 &2 mi — 2O2 <53 ™-3 
+203 9o + 2^3 S-i mi - 2do Si m^j + do 82 {-ms2 + mg4) 
+do 5s (mi48 + 2mi5o) - 2Si 82 raj - 2<5i 53 mi7 + 2<52 S3, m^s 

3a) A — > A + (-3, 3, 3, 3), where Ai = A2 + A3 + A4 + 2: dl mi 
3b) {k,k-i,k~ 3, 4) — >{k- 3, k, fc, 6): dl my + 39^ (Jg toi 
3c) (fc, fc - 3, 3, fc - 2) — > (fc - 3, fc, 5, fc + 1): 

^0 ("1-15 + (fc - (y)mn) - 3(fc - 5)(9q mi + 39o (^3 ™3 

3d) (fc, 2, fc - 2, fc - 2) — > (fc - 3, 4, fc + 1, fc + 1): 
i9o (^26 + msi + (5 fc)TO33) + 3(fc - 4)3o mi - 39o h m2 + 39q ^3 mg 

3e) (2fc, fc, fc, fc) — » (2fc - 3, fc + 2, fc + 2, fc + 2): 

Qq m32o + {k + l)9i 9^ {m26 + "^31) + + l)di do 5i mi 

—k{k + l)di do S2 m2 + k{k + l)9i do S3 mg 

-{A: + 1)92 do mi5 + A:{fc + 1)92 do S2 mi 

-k{k + 1)92 do Si m3 + (fc + 1)93 9^ my 

+fc(fe + 1)93 do S-i mi - (fc + l)9g 5i msr 

+9q 52 (-m82 + fcm94) + do S3 (mi48 + (fc + l)mi5o) 

— fc(fc + l)9o <5i S2 mr — k{k + l)9o <5i 53 mi7 

+fc(fc + l)9o S2 S3 m33 — (fc — l)A;(fc + l)5i S2 S3 mi 



Remarks Cases a) have an obvious generahzation to any degree, of. Ref. 23 
Some expressions can be shortened by an appropriate ordering of the elements 
of the enveloping algebra, in other words, some vectors represent zero, e.g., 
m2, TO3, ms, mi5 in cases 2e) and 3e). Being way behind the deadline, we did 
not always perform such renormalization; the cases 2e) and 3e) are left as they 
are to entertain the reader. The following case — g = mb(4|5) — is strikingly 
similar. 
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5 Singular vectors for g — Trib(4|5) (after Kochetkov) 

Here g = mb(4|5), former m.2. Recall that in terms of generating functions we 
identify the go-module 0_2 with n(C -1); we denote by 1 e Tn(4) the image of 
n(l); so /I denotes MjMi. We identify g_i with n(A(^)) by setting 

xo = n(l), Xi = sign(ijfc)n(^jfA;) for {i,3,k) G 6*3, 

Let V be an irreducible finite dimensional go-module with highest weight A, 
and WA the corresponding vector; let / G I{V) be a nonzero singular vector. 
Theorem (c3) In I{V)^ there are only the following singular vectors: 

1) A = (i, ^,3), and m = 1 or 3 

l<i<3 l<i<3 

2) A = (0,0,0; 2) and to = 3 

^/o( J2 Vt^i) 'S)VA + 2r]ol(g)VA; 

0<i<3 

3) A= (0,0,0; a): ® va ■ 

4) A = (0, 0, -1; 0) for to = 1 or 3 

9™ WA + (Siw.+ Y d^'^dj Vj, where V3 = va- 

l<i<3 l<i<3 

Remark In Ref. ^ no description of the Vj and Wj is given; now we can 
compare the above with our latest result: 

We give the weights with respect to the following basis of Cartan subalge- 

bra: 

hi^r; ^2 = -go Co + 916, 

^3 = -go Co +926, = -goCo + 936- 
For the negative elements of go we take 

yi=q2^i, 2/2=936; 2/3 = -go 91 +66, 

Vi^-qa^i, 2/5 = -90 92 -6 6, 2/6 = -9093 -1-6 6- 
The nii are the following elements of the irreducible go-module V: 

™17 = ys »"1 »"57 = H3 V5 mi 

">24 = VI V2 V3 '"1 "»91 = y2 V3 I'S ™1 

™30 = !'2 H5 >"! "194 = 1,3 yg 

™31 = "a M4 ™1 "»148 = !'3 !'4 fS ™1 

'^33 = ye "^1 ^150 = y5 ye "^1 



"12 = HI mi , 
ms = y2 mi , 
ms = yi y2 mi 
my = y3 mi , 
mg = y4 mi , 
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and 772320 = ya ys ye n^i ■ Observe that our choice of ordering obscures the fact 
that some of the vectors either arc proportional or represent zero. 
Theorem In I{V), there are only the following singular vectors: 
la) A — > A + (-1, 1, 1, 1), where Ai = A2 + A3 + A4: ^0 

lb) {~k + 2/ - 2, k, I, I) — > {-k + 2l -3,k+ 1, 1, 1): -kqi mi + ^0 rur 
Ic) {k,k,k + l,k + l) — > {k-l,k,k + 2,k + 1): 

-kqi 1712 - kq2 mi + $0 TO12 

Id) {2k + 1, fc, 0, fc + 1) — > {2k, k,l,k + 1) 

qi 1712 - kq2 mi + ^0 ("ii2 - {k + l)mir) 

le) {k + 3,k,k,k-l) — >{k + 2, k, k, k) 

-{k-5)qi {m5+ms)+2{k-3)q2 m3-2(fc-3)g3 mi+^o (m24-3m3o+m3i+5m33) 
If) {2k + 1, k, k, 1) — > {2k, k, k, 2) 

91 (m5 + {k-l)ms)-kq2 ms + k{k-l)q3 mi+{o (m24 - (fe + l)m3o + (fc- l)m3i + + I)m33) 

Ig) (3,1,1,1)^(2,0,0,0) 

go mi - qi (mi32 + mus ) + 92 mgi - qs msT - ^0 "1320 
+Ci rn7 + ^2 mi2 — ^3 {-mso + mai) 

2a) A — > A + (-2, 2, 2, 2), where Ai = A2 + A3 + A4 + 2: mi. 
2b) (2fc, -2, k, k) — > (2/c - 2, 0, fc + 1, fc + 1): mr + 2gi ^0 mi. 
2c) (2fc, fc - 1, -1, fc) — > (2fc - 2, fc, 1, fc + 1) 

^0 ("^12 - (fc + l)mi7) + 2qi ^0 m2 - 2kq2 ^0 mi 

2d) (2fc + 2, fc, fc, 0) — > {2k, fc + 1, fc + 1, 2) 

€o (-"»30 + "131 + (A; + l)m33) + qi ^0 (ms + ma) 
-2q2 5o "^3 + 2fe(?3 5() ™i 

2e) (2fc, 0, 0, 0) — > {2k ~ 2, 0, 0, 0) 

((3 - fc) + g'o €0 + 5i ^1) + «2 6 + Q3 6) "ii 

3a) A — > A + (—3, 3, 3, 3), where Ai = A2 + A3 + A4 + 4: ^0 ™i- 
3b) (2fc + 1, -3, fc, fc) — > (2fc - 2, 0, fc + 2, fc + 2): mr + Sqi mi. 
3c) (2fc + 1, fc + 1, -2, fc) — > (2fc - 2, fc + 4, 1, fc + 2) 

Co (mi2 - (fc + 2)mi7) + 3gi m2 - 3(fc + 1)^2 Co "^1 
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3d) (2fc + 3, k, k, -1) — >■ {2k, fc + 2, fc + 2, 2) 

(m24 - 2m3o + (3 + fe)m33) + qi ?g ((2 - fe)mB + (1 + fe)m8) 
-392 ?g ma + 3(1 + fe)q3 

3e) (2,0,0,0) ^(-1,1,1,1) 

(90 Co + 3^0 + 91 Co Cl + ?2 Co C2 + 93 Co Cs) mi 
3f) {k + 2,k,k,k) — > (fc - 1, A; + 1, fc + 1, A; + 1) 

Co "^320 + (-2 + k)qo Co mi + qi Co (mi32 + mi48 + (1 - fe)mi5o) 

+92 Co (-"191 + (-1 + k)mg4) + (2 - fc)93 Cq ™-57 

-(-3 + k)i-2 + fe)Co mi + (-2 + fc)Cg Ci my) + (-2 + A;)Cg C2 mi2 

+Co C3 ((-2 + fe)m3o + (2 - fe)m3i) - (-2 + A;)(-l + k)kqi 92 93 mi 

+91 92 Co (m24 - fcmso + (-2 + fc)m3i + (2 - 2fc + A;^)m33) 

+91 93 Co ((-2 + fc)mi2 - (-2 + fc)fcmi7) - (-2 + A:)(-l + A:)9i Co Cl mi 

-(-2 + fe)fe9i Co C2 m2 + 91 Co C3 ((2 - k)m5 + (-2 + k)kms) 

+(-2 + k){-l + k){q2 93 Co mr - (-2 + fe)(-l + A;)92 Co C2 mi 

-(-2 + k){-l + k)q2 Co C3 ms - (-2 + fe)(-l + fe)93 Co C3 mi 

6 Singular vectors for g — mb{3\8) 

We give ttic weights with respect to the following basis of Cartan subalgebra: 

The basis elements of Q- are denoted by 

qo qi 92 qz, 

and 

^ = -9091+66, S = -9o92-Ci6, C'=-9o«3+66- 

Theorem In liy), there are only the following singular vectors calculated 
up to dualization (though some dual vectors are also given): 

la) ik,0,l,l) — > (fc + 1,0,/ - 1,/ - 1): A® mi; 

lb) {k, I, -k, l + l) — > (fc - 1, -fc + 1, / + 1), where fc ^ 0, -/ 

A;9i ® (92Ci-mi) - (fc + i) -B ® (Co-mi) - k (k + I) q2 (S) mi + A (Co-92Ci-mi) . 
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Ic) (fc, 1,1,2) — > {k + l,l-l,l- 1, 2), where / 2 

A «) {q2^vq3(.2-mi) ^B® fe^-wi) -{2-1)0® mi. 

Id) {k, 1,1,1 -k) — > (fc - 1, 1,1,2- k), where k + l^l 

-kqi (g) (qsii-mi) - B ® (^o-93?2-nii) - (1 - fc - Z) 93 ® mi 
-(1 - fe - C'® (fo-"^i) - fc?2 <8> (?36-"^i) - ^® (?o-?36-"ii) ■ 

le) (fc, 1, Z + 1) — > ik+ 1,1 -1,1,1- 1), where Z 7^ 1 

(1 - -B O TOi + ^ (g) (g26-wi) . 

If) {k, -k - 1, 1, 1) — >{k- 1, -k + 1, 1, 1), where k^O 

kqi®mi+ AiS) {^o-mi) . 

2a) (0, -1, 1, 1) — > {0,0,1-1,1- 1): {qvA) (g) rm; 
2b) (0,-1,1,1)^(0,-1,1,0) 

iq2-A + gi-B)®mi + (qi-A) (g) (qiivmi) . 

2c) (2,0,0,-1)^(2,0,-1,-1) 

2 6 'Smi +26 (936 -mi) - 2 (qi-A) (g) (g26-'?36-mi) + 2 (?2-A) ® (536-"Jl) 
-2 (gs-A) (g mi + (B-A) (g) (6-936-mi) - (C-A) (g (6-mi) 

2d) (-4,3,3,2) ^(-4,3,2,2) 

-2 (qi-A) (gi (926 -936 -"^l) - 6 ® "11 - 6 ® (?36-"»l) - (C-A) (g) (^o-mi) 
-3(gi-C) (gmi + (g3-A)(gmi +3 (gi-B) ® (q36-"ii) - fe-A) (g fe^'^^i) 
+ (g) (6 -936 •mi )• 

2e) (0, fc, 0, fc + 1) — > (0, A: - 1, 1, fc) 

(qi-A) (g ((<j26)^-mi) + (1 - fc) (gi'-B) ® (926 -mi) 
+(1 - fc) (q2-A) ® (g26-n*l) + (-1 + k) k (g2-B) (g mi. 

2f) (0,1,0,2)^(0,0,0,2) 

(qi-A) ® ^(926)^-936-"^l) - {91--B) ® (926-936-"il) 
-2 (qi-C) (g) (926 -"ii) - (92-^) <g (92^1 -936 -"11 ) 

+2 (92-5) <g (936-"^i) + 2 (92-C) (g mi - 2 (93-^) (g (g2^i-mi) + 2 (g3-B) ® mi. 
3a) (-3, 2, 2, 2) ^(-2, 1,1,1) 

- 90 ® mi - (6 ■^) (g mi - (6 -S) (g mi - (6 -C) (g mi - (qi -C-S) (g mi 
+ (q2-C-A) ® mi - (qs-B-A) (g mi + (C-S-A) (g (6-mi) . 
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3a*) (-2,2,2,2) ^(-3,2,2,2) 

-4/(g>mi - 2qo ® ($o-mi) + 2 {^i-qi)®mi - 2 (^-A) ® (Co-mi) 

+2 {6-92) ® m-i - 2 «> + 2 {6-93) » m-i - 2 (^a-C) (» (^o-mi) 

-2 (gi-C-B) ® ($o-"ii) + 2 (g2-5i-C) ® mi + 2 (g2-C-A) ® (^o-mi) 

-2 (?3-qi-B) ® mi + 2 {q3-q2-A) (gi mi - 2 (gs'-B-^) ® {?o-mi) + C B A (g) (?g-mi) 

3b) (1 - k, k, k,k) — > {-2 - k,k + l,k + l,k + 1), where k ^ -1, 0, 1 

-2k (l + A;)7(g)(^o-mi)-(l + A;)9o® (Co^-mi) +fc (1 + fe) ® (Co-mi) 

- (1 + fc) ® (Co^-mi) + fe (1 + fc) (52 -92) «■ Ko-mi) 

- (1 + fc) (C2-B) «> (Co^-mi) + (1 + fc) (53-93) » (5o-mi) 

- (1 + fc) («3-C) ® (Co^-mi) - (1 + fc) (91-C-B) ® (5o^-mi) 
+fc (1 + fe) (g2-?i-C) (g> (5o-mi) + (1 + fe) {q2-C-A) (g> (5o^-mi) 
-fc (1 + fe) (qa-qi-B) ® (Co-mi) 

- (-1 + fc) fe (1 + fc) ((?3-92-9l) ® ™l 

+fe (1 + fe) iq3-q2-A) ® (Co-nii) - (1 + fe) (qs-B-A) ® (fo^-mi) 
+ (C-B-A)(g) (Co^-mi) 

3b*) (fc, 2, 2, 2) — >{k + 3, 0, 0, 0): C-B-A (gi mi. 
4a) (0,2,2,1) — > (2,0,0,0) 

(qo-A) (g) (92Cl-936-™-i) - (qo-B) (g (9352-mi) + (90-C) (X) mi 

+ (ii-B-A) ® (g36-mi) - (6-C-^) mi + (i2-B-A) ® (g2«r936-mi) 

+ {^2-C-A) (g) (g2a-f"i) - (6-C-B) ® mi + {^3-C-A) (g (g25i-?36-fni) 

- iia-C-B) (g) ((?3C2-mi) + (91-C-B-A) (g ((?26-93C2-"ii) 

- (q2-C-S-^) ® (q352-mi) + (qa-C-B-A) ® mi 

7 Singular vectors for g = ]|5lc(5|10) 

We set: Sij = g|- + E ^fei^m ; e.g., 

even permutations (ijklm) 

512 = -g§^+ 83485 + 6*4593 - 03594, 

513 = + 02594 - 02495 - 04592, 

<5l4 = g§^ + 02395 + 03592 - 02593, etc. 

The a;-part of the elements of go = sl{5) is obvious. The negative elements are: 
Vij = Xidj + ^ OjkSki for i < j 

k 

and the basis of Cartan subalgebra is hi = ya — t/i+i^^+i. 
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Let us estimate the possible degree of invariant operators. Since flg — 
SDect(5|0), and the grading is consistent, wcc sec that the degree of the singular 
vector can not exceed 2 x 2 + 10 = 14: each element from g_i can only 
contribute once and the degree of singular vector of the 50ect(5|0) modules can 
not exceed 2; each counted with weight 2. In reality, the degree of singular 
vectors is much lower, even with infinite dimensional fibers. To compute the 
singular vectors directly is possible on modern computers, but hardly on a 
workstation; the inbuilt Mathematical s restrictions aggravate the problem. 

Still, even simple-minded direct calculations provide us with several first 
and second order operators. The only "known" operator, the exterior differen- 
tial, is inhomogeneous in the consistent grading and consists of parts of degree 
1 and parts of degree 2. To match these parts with our operators is a problem. 

The rrii are the following elements of the irreducible go-module V: 

"118 = - y53 ■ "^1 
"124 = J/21 ■ y32 ■ y43 ' "^1 
"125 = y21 ■ y32 ■ ybi ■ "11 
"130 = - y21 ■ 1/42 ■ "11 
"131 = - 1/21 ■ 1/53 ■ "11 
"136 = 1/32 ■ 1/43 ■ 1/54 ■ "11 
"140 = - 1/32 ■ 1/53 ■ "11 
"^44 = - 1/43 ■ 1/31 ■ "^1 
^48 ^ - 1/54 ■ 1/31 ■ ^1 
^49 = - 1/54 ■ 1/42 ■ "11 
77151 = - f41 - "11 
"152 ^ - 1/52 ■ "11 



mi is the highest weight vector 



2 = 


1/21 ■ 


mi 




3 = 


y32 ■ 


mi 




4 = 


1/43 ■ 


mi 




5 = 


1/54 ■ 


mi 




7 = 


1/21 ■ 


y32 ■ 


mi 


S = 


1/21 ■ 


VAS ■ 


mi 


9 ^ 


1^21 ■ 


^54 ■ 


mi 


11 = 


= y32 


■ VAS 


mi 


12 = 


= y32 


■ y54 


mi 


14 = 


= y43 


■ y54 


mi 



mi6 = — y^i ■ mi 



"^70 = 1/21 - 7/32 ■ 1/43 - 1/54 ■ "^1 
"^73 = - y21 ■ 7/32 - 1/42 ' '"^1 
"^74 = - 1/21 ■ 1/32 - 1/53 ' "^1 
"^83 ^ - 1/21 ■ 1/54 - 1/42 ' ""^1 
msQ = — y21 ■ ?V52 ■ '^''-i. 
mioi = — y32 ■ 2/43 " V53 " "^1 
"^•115 = — ■y43 ■ ■y54 ■ 1^31 ■ "^1 
"^124 = — y54 ■ y41 ■ '^1 
"^•127 = ^31 ■ y42 ■ "^1 
"^128 = 1^31 ■ 1^53 ■ "^1 
"T'lSO = 1^42 ■ ^53 ■ "^1 
^132 = — ^51 ■ "^1 

"^171 = 1/21 ■ 1/32 ■ 1/32 ■ ^43 " ^54 ' "^1 

The Cartan subalgebra is spanned by 



"•175 = - 2^21 

"•181 = - y2\ 

"184 = - ^21 
"187 = - ^21 
"241 = - J/32 
"250 = - 1^32 
"254 = 1/32 



2/32 ■ 2/32 ■ 

■y32 ■ ^43 ■ 

2/32 ■ 2/54 ■ 

■y32 ■ ■y52 ■ 

2/43 ■ 2/54 ■ 

2/54 ■ 2/41 ■ 

1/31 ■ 1/53 ■ " 



yb3 ■ 

f53 ■ 

y42 ■ 



"258 ^ - 1/32 ■ 1/61 ■ '^l 
"^279 = 1/43 ■ 1/31 ■ 1/53 ' '^l 
"^291 = 1'54 ■ 1/31 - 1/42 ' "^1 
"298 ^ 1/31 ■ 1/52 ■ 
"301 = 1/53 ■ 1/41 ■ 

"397 = ~ 1/21 ■ 1/32 y32 " 1/43 " 1/53 
"539 = 1/32 ■ J/43 ' J/31 ' 1/53 ' "^1 



hi = xidi - 0i25l2 — ^13^13 - ^14-514 - ^15^15 
^2 = 3=2^2 — ^12^12 — ^23^23 ~ ^24-524 — ^25^25 
''■3 = ^3^3 — ^13^13 ~ ^23^23 ~ ^34 "534 — ^35^35 
= 3:494 — ^14514 — ^24^24 — ^34*534 — ^45^45 



— 352^2 — ^12'5l2 — ^23^23 ~ ^24-524 — ^25^25 

— 0:393 — 0i35i3 — 023^23 ~ ^34-534 — ^35^35 

— X4a4 - 0i45i4 — 024^24 — ^34-534 - ^45^45 

— €1^5 — ^15^15 - ^25'525 - ^35^35 — ^45^45 



Theorem In liV) in degree d), there are only the following singular vectors 
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(computed for degree 2 up to dualization): 
la) (fc,Z,0,0) — > {k,l + 1,0,0): 5i2 ® mi; 

la*) (0, 0, fc, I) — > (0, 0, k - 1, 0, where k ^ and k + I + 1 ^ 0^ 

2k (1 + fc + /) ^45 ® mi - 2 (1 + fc + I) (535 ® "^4 
+2(525 ® ((1 + k-l) mil + 2 I mir) 

+2(5i5 (g) (3 (-1 + k-l) rn-zi - 2 (-1 + 2fc - 2/) + 2 (-1 + 2fc - m5i) 
+2(534 (g) (mi4 — (1 + fc) mis) + 2(524 fX" (m36 + (1 + fc) m4o - 2m49 + 2m52) 
-2(523 ® (mioi + 2mi3o) 

+25i4 ® (3m7o+ 3 (-1 + fc) m74- 4mii5+ 2mi24— 2 (-1 + 2 fc) mi28— 2mi32) 
-2(5i3 (g) (3mi8i - 4m279 + 2m3oi) + 5i2 ® (magr -imszg) 

lb) (fc, I, -fc - 1, 0) — > {k + l,l- 1, -fc, 0), where I ^ 

Si3 (g) mi + (5i2 (8) ma 

lb*) (0, fc, /, -fc - 1) — > (0, fc - 1, ; + 1, -fc), where fc 7^ 0, -1 and I + -1 

fc(l + fc)(l + /)535 (g) mi - (1 + fe)(l + 0<525 ® m-s 
+-515 » ((1 + fc) (1 + fc - /) mr - (1 + fc) (fc - 2 /) mig) 
+fc(l + Z)534 (g) m5 - (1 + /)524 iX) mi2 

+(523 X) (m36 — (1 + fc) m40 - (1 + fc) m49 - fc (1 + fc) m52) 
+(5i4 (g) ({1 + fc - /) m25 - (fc - 2 /) m48) 

+(5i3 (g) (m7o — m74 + (1 + fc) mss + fc mse — 2 mii5 + 2 mi24 + (2 + fc) mi28 
— (2 + fc^) mi32) — 5l2 g) (mi84 — fc m258 — 2 m291 — fc m298) 

Ic) (fc, 0, 1, -/ - 1) — > (fc + 1, 0, ; - 1, -0, where I ^ 

1 5ii ®mi— Ji3 (g) m4 + (5i2 miy 
Ic*) (fc, -fc - 1, 0, — > (fc - 1, -fc, 0, / - 1), where fc ^ and ? ^ 

— fc 1&25 (g mi + / 5i5 g) m2 + fc ^24 (X m5 — fc ^23 (g mis — <5l4 ® m9 
+(5i3 g) m3i + (5i2 (g (mse + (1 + fc) mi32) 

Id) (fc,Z,-fc-/-2,0) — » (fc-l,/,-fc-/-l,0), where fc^^Oandfe + Z + l^^O 

fc(l + fc + /)523 (g mi - (1 + fc + /)5i3 (g m2 
+(5i2 (g (m7 + (—1 — fc) mis) 

^ Hereafter in similar statements the reader can check our restrictions: the coefficient of 
(gi mi must not vanish. 
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Id*) {0,k,l,-k-l-2) — > (0,fc-l,Z,-A;-«-l), where fc 7^0 and + Z + 1 ^0 

k{l + k + 1)834 (gi mi - (1 + fe + 1)624 <8> ma + 523 181 (mn - (1 + fe) mir) 
+S14 ® + rrif + 2lmi6) + S13 (m24 + (1 + fe) mso - 2m44 + 2m5i) 

—S12 (X> (m.73 - 2mi27) 

le) (fc, 0, 0, — > {k + 1, 0, 0, ; - 1), where I ^ 

/ (5i5 ® mi — 5i4 ® ms + (5i3 ® mi8 + ^12 ® 
If) (fc, -fc - 1, /, — > (fc - 1, -fc, ; - 1, -/), where fc ^ and / ^ 0, -1 

{kl - 1 - 0<524 (g) mi + fc(l + 0<523 ® m4 + /{I + 0<5l4 ® m2 

- (1 + <5i3 (g mg + (S12 ® ("124 + imao - (1 + fe) m44 + (1 + fe) (1 + I) msi) 

2a) (A, 0,0,1) — > (fc + 1,1,0,0) 

^15<5l2TOi - 5i4(5i2m5 + 5l3<5l2mi8 

2b) (fc, -fc - 1, 0, 1) — 1, -fc + 1, 0, 0), where fc 7^ 

— fc^25^12"^l+^15^12TO2 + fc'^24^12TO5 — ^14^12^9 — fc<^23^12TOl8 + ^13^12^31 

8 Singular vectors for g — 6sle(9|ll) 

Consider the following negative operators from go- 



y\ ^ - ^13^23 ~ ^14^24 - ^15*^25 

Vl — ^3^2 ^ ^12^513 - ^24^^34 — ^25*535 
»3 = ''12 + ^3485 + 64583 - 83584 

= 3:584 - ^14^15 — 824^25 - 834-535 



= —^381 — 8i2'523 + 814^34 + 815535 
y& = — 513 ~ 82584 + 82485 + 84582 
VT = -523 - 81485 - 84581 + 81584 



and the operators from g_: 



"1 


= 84 




^10 


= SlOl + 812^25 + 813535 + 814545 


"2 


= 85 




nil 


= X482 - 8i25i4 + 823534 - 825545 


"3 


= 5l4 + 823% + 83522 


- 82583 


ni2 


= Sl02 - 8i25i5 + 823535 + 824545 


114 


^ + 82483 - 82384 


- 83482 


ni3 


= 3:483 - 813514 - 823524 - 835545 


"5 


= 524 + 81583 — 81385 


- 83581 


"14 


= ^183 - 813515 - 823525 + 834545 


"6 


= 525 + 81384 + 83481 


- 81483 


"17 


= 81 


"7 


= 534 + 81285 + 82581 


- 81582 


"18 


= 82 


ng 


= 535 + 81482 - 81284 


- 82481 


"19 


= 83 


ng 


= X481 + 8i2524 + 813534 — 815545 


"20 


= 545 + 81283 + 82381 — 81382 



ril5 = - ^1^1293 + ^1^13^2 - ^1^23^1 + 2 612913^23^4 - 612613624^3 + 
612613634^2 - 612614623^3 - 612623634^1 + 613614623^2 + 613623624^1 - €l545 + 
2612613^15 +2 612623525 — 612634545 + 2913^23 ^35 + 613624545 + 614^28 '^45 

"■16 = - ^4^12'"^3 + ^A^1^^2 - ^A^2?.^h + 2 ^12^13^14 + 2 612623^24 + 612635^45 + 

2613633-534 - t'l3t'25'^^45 - 6i5f23'545 " 2 612^13^*2335 + 61261362593 " 61261363582 + 612615623^3 + 
612623^35^1 ~ 61361156)2352 - 61362362581 - 334545 
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The m, are the following elements of the irreducible go-module V: 



mi is the highest weight vector 


mi5 




V5 


mi 








mgg = 


!/4 


V7 ■ 


mi 






m2 = yi ■ mi 


m21 




yi 


y2 


J/2 


mi 




mgi = 


yi 


VI ■ 


yi ■ 


yi ■ 


Vl ■ mi 


^3 = y2 ■ mi 


m22 




VI 


y2 


J/3 


mi 




m92 = 


yi 


VI ■ 


yi ■ 


yi ■ 


j/2 ■ mi 


m4 = ■ mi 


m27 




VI 


VG 


mi 






m93 = 


yi 


VI ■ 


yi ■ 


VI ■ 


J/3 ■ mi 


ms = !/4 • mi 


msi 




V2 


V3 


J/4 


mi 




m94 = 


yi 


VI ■ 


yi ■ 


VI ■ 


1/4 • mi 


"^7 = yi ■ y2 ■ "^1 


m36 




V3 


3/5 


mi 






mg5 = 


yi 


yi ■ 


yi 


V2 ■ 


«2 ■ mi 


TTiQ = Vi ■ y4 - mi 


m39 




J/4 


s/s 


mi 






"•96 = 


Vl 


Bi ■ 


vi 


y2 ■ 


H3 ■ mi 


mio = y2 ■ y2 - mi 


m41 




«7 


mi 








"•97 = 


yi 


yi ■ 


vi 


y2 - 


Vi ■ mi 


mil = y2 ■ B3 - "»1 


"56 




ai 


y2 


as 


yi ■ 


Til 


mgs = 


vi 


yi ■ 


vi 


V3 - 


Vi ■ mi 


"•12 = M2 ■ W4 ■ »"1 


m65 




VI 




ye 


mi 




mgg = 


yi 


VI ■ 


yi 


Vi ■ 


Vi mi 


""13 = !/3 ■ S'4 ■ ">! 


m82 




V3 


3/4 


J/5 


mi 




mioo = 


= Vl 


■ VI 


■ yi 


■ J/5 


■ mi 



Theorem In I{V) in degree 1) (higher degrees were not considered), there 

arc only the following singular vectors: 

la) A — > A + (0. 0, -2, 1): me (g) mi for ANY A; 

lb) A — > A + (0, 0, -1, -1): -A4ni5 mi + nie (8) for ANY A; 

Ic) (fc,;,l,l) — > (fc,/ + 1,0,0) 

— ni5 (8) 1714 + 2 ni4 (S)nii + riig (8 mi3 — 2 riis (8) 

Id) {k, 1,2,0) — > {k,l + 1,0, 1): riie O m4 - 2ni3 (8)mi; 
le) (fc,-l,l,l)^(fc, 0,1,0) 

— ni5 mil — 2 ni2 (8) mi + 2 ni4 ms + nie <8) msi + 2 mi (8 — 2 ms (8> mi2 
If) (-1, A;, fc + 2, 1) — >■ (-2, k,k + 2, 0), where k^O 

- fii5 <8i (m22 — (1 + fc) m27) — 2 fe nio (8 mi + 2 fc ni2 (X> m2 + 2 ni4 (g) mr 
+ni6 (g) (mse — (1 + fc) mes) + 2 fcng ® ms — 2fcnii ® mg — 2ni3 ® "^23 

Ig) (A;, 0, -k -1,1) — > (fc - 1, 0, -k - 1, 0), where fc 7^ 0, -1 

- nir, (gi (m22 — (fc + 2) m27 — (fc + 1) mag - (fc + 1)^ m4i) 
+2 fc (fc + 1) mo (g) mi + 2 (fc + 1) ni2 ig m2 

+ni4 <g> (-2(3 + 2 fc) m7 - 2 (1 + fc) mis) 

+ni6 (g (m5fi - (fc + 2) mfir, - (fc + 1) ms2 - (fc + 1)^ mss) 

— 2 fc (1 + fc) ng (g ms — 2 (1 + fc) rtn 55 mg + 2(1 + fc) nis (g (m23 + msg) 

Ih) (fc, -fc - 2, 1, 1) — >{k- 1, -fc - 2, 1, 0), where fc 7^ 

- ni5 g) (m22 — (1 + fc) m36 + (1 + fc) m4i) - 2fcraio (g mi - 2ni2 g> m2 
+2 ni4 (g (m7 - (1 + fc) mis) + "le ® (mse - (1 + fc) m82 + (1 + fc) mgg) 
+2fcng ® ms + 2nii (gmg — 2ni3 <g> (m23 — (1 + fc) m3g) 
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9 Singular vectors for q — tsle(ll|9) 

Here we realize the elements of g, as in Ref nS, as divergence-free vector fields 
and closed 2-forms with shifted parity. We consider the following negative 
operators from go: 

Vl = ^2^1 V2 = ^4^3 ys = ^5^4 

y4 = Tvdxidx2 = —x^d^ 

and the elements of Cartan subalgebra 

hi = xidi - X292 h2 = -^(^idi + ^2^2) + ==3 

h3 = -^{xidi + X2d2) + ^4 ^4 , /14 = -^{xidi + 3:2^2) + ^5 ^5 

The rrii are the following elements of the irreducible go-module V: 

TT12 = yi TTii TTiig = yi y2 y3 m-^ 77142 = (1/2)^ (1/3)^ ^1 

^3 = y2 "118 = yi ys T"i "^45 = y2 yz 1/5 "^i 

TT14 = yz ^1 ^20 = Ci/2)^ y3 ^1 "^49 = y3 yA ^1 

me = yi y2 "^i "^21 = y2 Cj/s)^ ^"1 "^50 = (1/5)^ ^1 

"17 = yi y3 ^1 ^22 = y2 y^ ^1 ^74 = yi y3 va ^\ 

'"8 = (a2)^ ™1 "124 = V3 y& »"1 »"85 = !'2 ^3 !'4 

"^9 = y2 y3 ^1 "^25 = y4 "^l "^89 = (1/3)^ ^4 "^1 

Tnio = (ys)^ Ti^i "^34 = yi (y2)^ y3 ^1 ^126 = yi y2 y3 y4 

mil = yS mi m3Q = yi y2 ys mi tii146 = y2 (y3)^ y4 mi 

mi5 = yi (y2)^ Till 11139 = yi y4 mi "1231 = (y2)^ (y3)^ y4 mi 

Theorem In I{V) in degrees d) , there are only the following singular vectors: 
la) {2k,~k,l,m) — > {2k + l,-k+^,l + 1/2, m+ i): X3i92mi; 
lb) {2k, 1,1 -k,m) — > {2k + 1, Z + i, -fc + |, m + i): 

{x3 82) ms + {1 - k - l){xid2)mi; 
Ic) {2k,l,m,2~k) — > {2k + 1,1 + \,m + \, -k + I) 

{xzd2) (mil + (-2 + fc + m)mi5) + {l-fc-Z)(x4a2)m4 + (-l + A: + 0(-2 + fc + m)(x5a2)mi 

Id) {2k, 3- k,3- k,2~ k) — > (2fc + 1, | - /fc, | - fc, | - fc) 

(Trdxidxs) mil — (irdxidxi) m,4 + (irdxidxs) mi) — (xa^) mss + {x4d2) mig) — (0:592) m25 

le) {2k, k+l,l,m) — > (2fc - 1, + |, ^ + i, m + i): 2k{x3 di) mi + {xs 82) ma 
If) {2k, l,2 + k,m) — > (2fc - 1, Z + i, fc + |, m + i) 

2k{x3 di) ma) + (0:3 82) mg + 2fc(2 + fc - /)(a:;4 9i) mi + (2 + fc - l){xid2) m2 
Ig) (2fc, l,m,3 + k) — > (2fc - 1, Z + i, m + i, fc + I) 

(2:3 iSi) {"ikrag — 2fc(3 + fc - m)mii) + (2:3 82) (mie + (—3 — fc + m)mi8) 
+2fc(2 + fc - l)(x4, di) m4 + (2 + fc - 0(2:4 O2) mr 

+2fc(2 + fc - 0(3 + fc - m)(x5 ai) mi + (2 + fc - 0(3 + fc - m)(x5 (92) m2 



36 P. Grozman, D. Leites and I. Shchepochkina 



Ih) {2k, 4 + fc, 4 + fc, 3 + fc) — > (2fc - 1, 1 - fc, I - A:, I - fc) 

{n dxidx:j) mm — (w dxidx4) mr{TT dxidx-,) in2 — 2k{TT dx2dx:i) m,ii2k{TT dx2dx4) mn 
— 2fc(7r dx2dx5) mi - 2fc(x-3 di) mgs - (x's ^2) mi26 + 2fc(a;4 9i) m49 + (x4 92) "174) 
—2k(xs di) m25 — {X6 82) msg 

2a) (2fc, -fc - 1, m) — > (2fc + 2, -fc + 2, Z + 1, m + 1): (xa ^2)^ mi 
2b) (2fc, -fc - 1, -fc + 1, — > (2fc + 2, -fc + 1, -fc + 3, Z + 1): 

(2:3 1713 + '2x382 Xid2 mi 

2c) (2fc, -fc - 1. /. -fc + 2) — > (2fc + 2, -fc + 1, Z + 1, -fc + 4) 

{x3d2f' (mg + (-2 + k + l)mii) + 2x382 Xid2 rrii - 2(-2 + fc + I)x3d2 X532 mi 

2d) (2fc, /, -fc, m) — > (2fc + 2, Z + 1, -fc + 3, m + 1) 

{x3d2f mg + (-1 + fc + l){k + l){xid2Y mi — 2(-l + k + I)x3d2 Xid2 ms 

2e) (2fc, -fc, -fc + 2) — > (2fc + 2, / + 1, -fc + 2, -fc + 4) 

{X3d2f (m20 - {2m22)) + (-1 + fe + l){k + 0{^/'4r)2)^ "14 

— 2(— 1 + k + i)x[^d2 X4 82 {mg — mn) — 2(— 1 + fc + l)xz 82 X582 tnz 

+2(-l + + /)(fc + Oa;492 2:592 mi 

In particular, 2ea) I = 1 — fc: 

(2:392)^ m22 + {xj)2)^ 1714, — X3d2 Xid2 mg - 2X392 X5d2 m3 + 2x4,82 X5d2 mi 

2f) (2fc, I, m, -fc + 1) — > (2fc + 2, ; + 1, m + 1, -fc + 4) 

{a;;?^)^ (m42 + 2(-2 + fc + m)m45 + (-2 + fc + m)(-l + k + m)m5o) 

+ (-1 + fe + l)(k + l)ix482)^ mio + (-1 + fc + l)(k + 0(-2 + fe + m)(-l + fc + m)(x5C?2)^ mi 

— 2(— 1 + fc + I)x3d2 X4d2 (m2i + (—2 + fc + m)m24) 

+2(-l + fe + /)(-2 + fc + m)a;392 2:592 (mg + (-1 + fc + m)mii)- 

2(-l + fc + l)(k + l)(-2 + fe + m)a:492 2:592 m4 

In particular, 2fa) (2fc, -fc+ 1, -fc, -fc + 1) — > (2fc + 2, -fc + 2, -fc+ 1, -fc + 4): 

(2:392)^ (m42 - 4m5o) + 2(2:492)^ mio + 4(2:592)^ mi 

+4x392 X492 (— m2i + 2m24) + 8x392 X592) (-mg + mn) + 8x492 X592 m4 

2fb) (2fc, -fc, -fc, -fc + 1) — > {2k + 2, -fc + 1, -fc + 1, -fc + 4): 

(2:392 m45 + (x492)'^ mio + 2(x692)'^ "ii —X382 X482 m2i —4x382 X582 mg + 4x492 X692 m4 
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2g) {2k, 3- k,3- k,l- k) — > (2fc + 2, 3 - /c, 3 - fc, 3 - fc) 

(0:392)^ "1231 + 2(1492)^ m89 + 4(2:5 82)^ m25 

—4iTdxidx3 X3d2 m46 + Andxidxs X4,d2 ^124, — ^-rrdxidxs Xf,d2 mn 

+4iTdxidx4, X3d2 (m2i — "^24) — 47r(ixi<ia;4 0:492 ^10 + ^Trdxidx^ Xf,d2 nn 

+4iTdxidxrj x^d2 (— Smg + 2mii) + Andxidx^ X4,d2 nn — Sndxidxs Xsd2 mi 

-2x382 X482 mi46 + 4a;392 X5d2 msz 

—4x482 X582 m49 

2h) (-2, 0, k, I) — > (-2, 3, A: + 1, ; + 1): (xg^a)' - 2:^3^1 Xa^z mi 
2i) (2A;, -A;, I, m) — > (2k, -k + 2,1 + 2,m + 1) 

{x382)^ me + 2kx3di X3d2 ms + 4fe(l + k)x382 X481 mi + 2(1 + A:)s392 a:492 m2 

2j) {2k, k + l,l,m) — > {2k, k + 3,l + 2,m+l) 
{3:382)^ me + 2kx3d\ X382 ms — 2k(l + 2k)x38i 3:482 mi 

+2kx3d2 X4di mi — 2kx382 X4d2 m2 — 2(— 1 + k + l){k + /)(— 2 + k + m)x482 X582 m4 
In particular, 2ja) (0, 1, 1, m) — > (0, 3, 3, m + 1): 

—x^d\ Xid2 m\ + xzd2 Xid\ mi 

2k) {2k, -k, l,k + 3) — > {2k, -k + 2,1 + l,k + A) 

{X382)'' {mi6 + (-3 -k + l)mi8) + 2kx38i X382 (mg 
+4fe(l + k)x382 X481 m4 + 2(1 + k)x3d2 2:482 m,7 
+4fe(l + fc)(3 + k- 1)X382 X5di mi + 2(1 + fe)(3 + k 

21) {2k,k + 1,1,2 -k) — > {2k,k + 3,l + l,4-k) 

{X382)^ (mi6 + (-2 + fc + Omis) + 2kx3di X3d2 (mg + (-2 + A: + l)mii) 
-2k(l + 2k)x38i X482 m4 + 2fc(l + 2A;)(-2 + k + l)x38i X5d2 mi 
+2kx3d2 X481 m4 — 2A;a:392 2:492 m-r 

—2k{—2 + k + l)x382 xs8i mi + 2A:(— 2 + k + l)x382 X582 m2 
In particular, 21a) (0, 1, 1, 2) — > (0, 3, Z + 1, 4): 

xsdi X4d2 1714 — {I — 2)x3di x^d2 mi — x^di ni4 + {I — 2)x2,d2 x^di nii 

2m) (-2, k, 1, 1) — > (-2, k+ 1,4,1 + 1) 

(xzd2)'^ mi5 + (-2 + A;)(-l + k)(x4d2)'^ "12 — 2a;39i 2:392 + 2(-2 + A;)2;39i 2:492 m3 
+2(— 2 + k)x382 X4di m3 — 2(— 2 + k)x382 X482 me — 2(— 2 + fc)(— 1 + k)x48i 2:492 mi 



- {3 + k-l)mii) 

— I)x3d2 X582 m2 
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2n) {2k, l,~k+l,k + 3) — > {2k, l + l,-k + 3,k + 5) 

{Xid2f (to34 - 2(1 + fc)m36) - (2 + fc - + k + I)(x4d2)'^ 1717 + 

2kx3di X3d2 (m20 — 2(1 + fe)m22) + 2fe(— 1 + k + l)x3di X4d2 (— mg 
+2(1 + fc)mii) + 2kxzd2 Xidi ((3 + - l)mg - 2(1 + fc)mii)+ 

2a;392 1^492 (-(-2 + l)mie + (1 + k){-2 + k + Omis) + 4fc(l + fc)(2 + k- I)x3d2 xsdi ma 

+2(1 + k){2 + k- I)x3d2 X5d2 me - 2k(2 + k- l){-l + k + l)xAdi X4d2 m4- 

4fc(l + fe)(2 + k- 0(-l + k + I)x4,d2 xzdi mi - 2(1 + fc)(2 + k- + k + I)x4,d2 xzd2 m2 

2o) {2k, l,k + 2,-k + 2) — > {2k, I + l,k + A, ~k + A) 
{X3d2f (m34 + (2fe)m36) - (2 + fe - 0(-l + *: + 0(^^482)^ mj + 2kx3di X3d2 (m2o + 2fem22) 
+2fc(-l + fc + O^^S^i 2:492 (-mg + mil) + 2fc(l + 2A;)(-1 + fc + l)x3di X5d2 1713 
+2kx3d2 X4di ((3 + fc - l)mg + (1 + 5k + 2k'^ - I - 2kl)mii ) 
+2x382 X4d2 (—(—2 + i)mi6 + k{3 + k — l)mis) — 2fc(— 1 + k + I)x3d2 xsdi ma 
+2fe(— 1 + k + I)x3d2 Xid2 me — 2k{2 + k — + k + l)x4di X4d2 m4 

+2k(l + 2k){2 + k - + k + l)x4di x^d2 mi - 2fe(2 + k- + k + I)x4d2 x^di mi 

+2fc(2 + k- l){-l + k + I)x4d2 xs,d2 m2 

10 Singular vectors for g = ias and fl = ^(l|n) 

The coordinates of the weights are given with respect to the following basis of 
00 : 

{KuK^,,,,... ,K^^,,J, s=[-]. 

Theorem In I{V), there are only the following singular for i(l|3) vectors: 
la) (fc, -fc) — > (fc - 1, -fc + 1): ^1 (g) mi; 
la*) (fc + l,fc) — > (fc,fc- 1) 

«> (^{m^if-mi^j - fc (-1 + 2 fc) ryi (g) mi + (1 - 2 fc) 6»i (g) (771 6*1 -mi) 

lb) (1, -1) (0, -1): a ® {ViOi-mi) + 9i<» mi; 
2a) i(3,l)^i(-l,l) 

J (g) mi - 2 {^i-Oi) (g) (7?i6'rmi) + {r]i<i) ® "ii 

Theorem In I{V), there are only the following singular for 1(1 14) vectors: 

la) (fc, -fc, 0) — > (fc - 1, -fc + 1,0): ^1 (g) mi; 

la*) (fc + 1, -1, fc) — > (fc, -1, fc - 1), where fc ^ 1 

^1 (g {riiV2-mi) + (1 - fc) 772 fg) mi 
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lb) {k,-l,l-k) 



{k - 1, -1, 2 - k), where k 2 
(-2 + fc) ^2 O mi + ^1 (g) {^2Vi-mi) 



Ic) {k + 2,k,0) 



{k+l,k- 1,0), where A: / 
^1 "X) (?7i?72-mi) -kr}2®mi 



2a) (1,-1,-1) ^ (-1,0,0): (6-6) ^-mi; 
2b) (2, -1, 1) ^ (0, 0, 0): <S> mi; 

2c) (2,-1,-1)^(0,-1,-1) 

I(»mi- (6-Ci) ® {viV2-mi) + (ryrCi) mi + (772-6) ® mi 

Theorem In I{V), there are only the following singular for t(l|6) and tas 
vectors: 

la) A = (fc, -fc, Z) — > A + (-1, 1, 0, 0); ias and «(1|6): ^ O mi (for t(l|6) 
only if / = 0; for tas without restrictions); 

la*) A = (fc, 1 - fc, ; + 1) — >X + (-1, 0, 1, 0) 



lb) X= {k, 1,1,2- k) — > A + (-1,0,0,1), where Z + fc 7^ 2 

60s : ^1 O (6m-C3»?2-mi) + 6 (g) (6^2-mi) + (-2 + A; + /) 6 <^ mi 
e(l|6) : the above for / = -1 

Ic) A = {k,l,~l-2,k-2) — > A +(-1,0, 0,-1), where / + fc 7^ 1 andfc-Z 7^ 4 

tas : Ci (g) (6f?r??2f?3-mi) + (-4 + A: - Ci ® ('7i'7.rm,i) 

+ (-1 + A + 6 ® [mm-mi) - (-4 + fc - (-1 + + ?73 (g mi 
e(l|6) : the above for I = -1 

The singular vectors of degree 2 for tas and 4(1 16) are the same: 



las: (-1 + A + 06 mi +6 (g> (^jyi-mi) 
6(1 16) : the above for I = -1 



2a) (3,-1,-1,-1) 
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2a*) (3,-1,0,0)^(1,-1,0,0) 

- / (g) mi + (6-6) ® (?3'?2-'?i'?3-"ii) + (C3-?i) 8> (m'ya-™!) 

+ {53-6) ® {V2V3-ini) - im-^i) ®rni - (m-il) ® te*?!-™!) 
+ {»)3-6) ® (C2»?rC3'?2-mi) - fe-Ci) ® iism-mi) - (»?3-6) ® te??2-mi) 
2b) (3,-1,-1,1)^(1,-1,-1,1) 

-/(g>mi + <8> (mm-^sVi-^^i) - (Ca-^i) ® (C2J?i-»?2J?3-mi) 

+ {?3-6)® iviVi-'^i) - (vi-^i) ®™i - (r?2-Ci) <x> fem-^^i) 

— (??2-^2) ®mi - (»?3-Cl) ® tem-"*!) 

- {»73-?2) i^sm-mi) + (r;3-53) (g) mi 



11 Singular vectors for q = tas(l|6;34) 

Set 

is the highest weight vector "^15 = ^1^2 (^3^l)'^ "^1 

™2 = ilV2 ™1 ™16 = 5l''2 {311 13 ""1 

"^3 = ^3^1 "^1 ^18 = 5l^2 VI v^l 

7714 = T73 mi Tn23 = T73 ^3^2 ^1 

"^6 = Sl^2 53^1 ^1 "^25 = -(t72 "^l) 

"^7 ^ ^1'72 ^3 "^1 ^34 ^ ^1^)2 (€3^1)^ ^3 ^1 

= 4311 "Js »"i ""se = 4i')2 53>7i ni "ii 

v^lO = €312 v%i m4Q = -(6311 12 ^1) 

mil = 11 "^1 ^49 = $312 11 "^1 

Theorem In I{V) in degrees d), there are only the following singular vectors: 

la) A ^ A + (1, 1, 1, 1) for ANY A: ^1^26 

lb) {k, l-l,-l-l,k) — > (fc, I, -I, k): ^1^2 mi + ^166 "^4; 

Ic) (fc, /, A; - 1, -Z - 1) — > (fc, Z, fc, -Z), where A; + i 7^ 

66 ms - (A; + 066 "^1 + 666 (mg - (A; + Z + l)mii) 
Id) (A:+1,A:-1,/,-/) — > (A; + 1, A; - 1, Z + 1, -/ + 1), where A; + Z 7^ 0, A; 7^ / + 1 

aft (me + {-fc + Omio) - (-l + fc-Oe^' + OSlft mi 

-(A;+06€3 m2 + a6«3 (mi6 - (fc+Z + l)mi8 + (-A; + 0™23 - {k-l){k+l)m2^) 
le) (A; + 1, A; -1,0,0) — > (A;+ 1, A; - 1, 1, 1), where A; 7^ 1 (new for A; = only) 

«l6 (me - 2mi„) + 2(1 - fe)Cl?3 mi 
-252^3 "12 - 2^i^2?3 (mi« + "123 + fcm25) 

2a) A — ^ A + (1, 2, 2, 1), where A4 = -2 - A3: 66 • 666 ^i; 
2b) A — ^ A + (1, 2, 1, 2), where A4 = -1 - A2, A2 + A3 7^ -1 

66 • 666 "^3 + (-1 - A2 - A3)(66 ■ 666 mi) 

2c) A — > A + (1, 1, 2, 2), where A4 = -A3, A2 ^ A3, A2 + A3 7^ -1 

(€16 ■ 66ft) (me + (-1 - A2 + A3)mio) - (A2 - A3)(l + A2 + A3) 
x(ftft -ftftft)"!! + (-1 - A2 - A3)(ftft •ftftft)m2 
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2d) (fc, /, 0, 0) — > {k + l,l + 1, 2, 2), where I (new for Z = -1 only) 

(66 • Ci66) + Z(66 • 666) mi + (66 • 666) ^2 

2c) (A;, -A;, fc - 3, fc - 1) — > (fc, -fc + 2, fc - 2, fc) 

(66)^ "'-3-26-666 '^1+266-66 '^1+66-666 (w9-'^ii)+266-666"T'4 

2f) (fc, -fc, Z, I) — ^ {k,-k + 2,l + l,l + 1), where k ^ I 

(66)^ "^3 - 4(A; - Z)6 • 666 mi - 466 • 666 mn + 466 • 666 

2g) (l + fc,Z,-fc,l + ^ (l + fc,Z + l,2-fc,2 + Z) 

(fe - 0(1 + fe - + 0«i • ^166 mi + (fc - + k- 06 • 666 m2 

+66 ■ 666 (mi6 + (fc - 0^18 + (-1 - A: - 0™23 + (1 + A: - + + /)m25) 

-{1 + fc - 0{fc + 066 • 666 m4 + (-1 - fe + 066 ■ 666 mr 

2h) {k + 2,k~2, k, -k) — > (fe + 2, fc - 1, fc + 1, -fc + 2) 
(66)^ mi5 + 2fe(-l + 2fc)(a6)^ "12 - 2(-i + 2fc)a • 666 ms 
-2^2 • 666 (me + 2fcmio) - 4fc(-l + 2fc)^3 • 666 rrn + 2(-l + 2fc)a6 ■ 66 ms 

-2(-l + 2fe)5i{2 ■ 66 me + ?l6 • ?l66 (m34 - 2(1 + fc)m36 - 2fcm46 - 2fcm49) 
-4fc(-l + 2fc)5i5a ■ 66 mi + 2(-l + 2fc)66 ■ 666 (mg - (1 + 2fc)mii) 
+266 ■ 666 (-(-1 + fe)mi6 + (-1 + 2fc2)mi8 + fcm23 + 2(-l + 2A:)m25) 

2i) (-Z + 1, fe, fc, Z + 1) — > (-Z + 2, fe + 2, fe + 2, Z + 2) 

(fc - 0(66)^ ma - 2(fc + ■ Ci66 m3 + 26 ■ 666 (-me + (1 - fc - Omio) 
-2(-l + fe - 0(A; + 06 ■ 666 mi + 266 • 66 (-me + mio) 
+2^i6 ■ ?i66 (m46 + m49) + 2^i6 ■ 666 (-m9 + (fe - Omii) 
+266 • ^i66 (mi8 - m23 + (2 - fe + Om25) 

12 Singular vectors for q = Cas(l|6;3r7) 

The rrii are the following elements of the irreducible go-module V: 



"12 = €2 "^1 

= £iT72 "^1 

= £3^1 ^1 
"^5 = €2 ^1^72 "^1 
"^6 ^ €2 €31)1 "11 
»"7 = (5l12)^ "»1 
""S = Cl12 (3V1 "11 
""g = (Csll)^ "»1 
mio = fl mi 



mil = {3»)2 mi 

mis = (2 (lV2 (sni mi 

mi6 = 52 (3V2 mi 

mi8 = (5l»)2)^ 5311 mi 

mi9 = 5l»72 (.(sVl)^ mi 

m2i = 5iT72 53^72 mi 

m23 = Ss'U 5l mi 

m24 = €3^1 53^72 mi 

m25 = -(53 ml) 

m27 ^ 52 C5l12)^ 53^)1 mi 



m30 = 52 5l12 5312 mi 
m34 = -(52 53 mi) 
m37 = (5lTJ2)^ {5311)^ mi 
m4i = {i?(2 £3'71 £1 mi 
m42 = 51^72 53^71 53^72 mi 
m43 = -(5l12 53 mi) 
m4s = 5l (3V2 mi 
m49 = (53»72)^ mi 
mse = -(5l 53 mi) 
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Theorem In I{V) in degrees d) , there are only the following singular vectors: 
la) {k, I, m, —m) — > {I, l,m — 1, —m — 1): 7717/3 mi; 

lb) (fc, I, m, -I - 1) — > {k, I - l,m,-l - 2): rjirjs ms + (-/ + m)r?27?3 mi; 

Ic) {k, I, —I — 2, to) — > (fc, Z ~ 1, — I — 3, to) 

(1 + /-to)(2 + Z+to)77i?72 TOi+?7i?73 (to8 + ( — 2-1— TO)TOii) + (-l-/ + TO)r727?3 W4 

Id) {k + 3,-k-2,k,k-l) — > {k + 2,~k -2,k - l,k - 1) 

2kr]i TOi - 2^773 TO4 + 2kr]ir]2 m2 + 7yi7y3 (wis + ttiib) + 2fc7/27?3 me 

le) (fc + 3, fc - 1, -fc - 1, fc - 1) — > (fc + 2. A; - 2, -/c - 1, fc - 1) 
2fcr;i ma — 4fc"^?72 mi + 2fcr;3 (— mg + (1 + 2fc)mii) 

+2fcT)i»72 (ms + 2A;mio) + »7i»73 {^27 — 2fcm3o + 2fem4i — 2km43 — 4A;^m48) 
+2A;?j2J?3 (-mi6 — m23 + "125) 

If) (4,0,-1,-1)^(3,-1,-1,-1) 

-2r/i m;}) + 2»?2 mi + rjs (mg - 2mii) - »?i»?2 ("is + m-io) 
+r;ir;3 (m27 + m43 + m4g) - r;2r;3 (2mi3 - miQ + m23) 

Ig) (4,0,0,0)^(2,0,0,0) 

6TO1+771 (to5+3toio)+3?72 TO2-773 (toi6+TO23)+??1»72 mi5 +7/17/3 TO86 +7/2773 ^,34 

2a) (fc, /, TO,, 2 — to.) — > (fc, /, TO — 2, —to): (7/17/3)^ TOi; 
2b) (fc, I, I + 2, -I - 1) — > (0, / - 1, ? + 1, -/ - 3) 

iViVaf m3 + 2771773 • 7727/3 toi 

2c) (fc, 1-2,-1,1 + 1) — > {k, 1-3,-1-2, 1), where / ^ -i 

{mmf' (mg - (1 + 20mii) - 2(1 + 2/)?7i7/2 ■ 771773 7721 + 2771773 • 772773 m4 

2d) {k, I, to, -I) — ^{k,l- 2, TO, -I - 2) 

{rjiTj^Y m? + (-1 + Z - to)(Z - to)(7/2773)^ toi - 2(-l + Z - m)riir]3 ■ ri2riz TO3 
2e) (fc, Z - 1, -Z - 1, + 1) — > (/c, Z - 3, -1 - 2, -?) 

(?7U73)2 (mi8 - 2m2i) + 2l{-l + 2l){fi2rrj,f nn + 2(-l + 20»?i»?2 • VlV3 7713 
— 4;(-l + 2l)ri\ri2 ■ mm 7711 + 2(— 1 + 2;)t)i7?3 • 7)27)3 (— 2m8 + mn) 

2ea) Particular solution for Z = | : 

(7717/3)^ TO21 + imVsf m4 + 27/17/2 • 7/17/3 TO3 - 27/17/2 ■ 7/27/3 TOl - 7/17/3 • 7/27/3 TO8 
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2f) {k, I, -I - 1, m) — > (fc, 1-2,-1-3, m), where m ^ 1,1 + 1,-1 - 1,-1 - 2 

(I ~ m)(l + « - m)(l + I + m)(2 + I + m){rjir]2)^ mi 

HviVs)'^ (m37 - 2(2 + i + m)m42 + {1 + 1 + m){2 + I + 171)17149) 

+(l - m)(l + I — m)(?72r?3)^ mg 

+2{l - m)(2 + I + m)riiri2 ■ VlVS {mg — {1 + I + m)mii) 
—2(1 — in){l + I — m)(2 + I + in)r}ir}2 ■ mvs mi 
+2{l - in)riiri3 ■ ri2il3 (-mis + (2 + I + m)m24,) 

2fa) Particular solution for i = m = 0: 

4(r)ir?2)^ mi + {??i??3)^ ("^37 - 4m49) + 2(772??3)^ mg 

+8r)i?j2 • »?i??3 {ms - mil) - 8?jir)2 ■ ??2»73 m4 + 4»7i?73 • 7)27)3 (— mig + 2m24) 
2fb) Particular solution for Z = — i, m = ^: 

2(r)i?72)^ mi + (771 ??3)^ m42 + ferjs)^ mg + 4T)ir)2 • t?it?3 ms 

-41)11)2 ■ mm mi - 7)im ■ mm mig 
2g) (4,-3,1,0)^(3,-3,-1,-1) 

(r?i?73)^ (mi3 + mie) + 2?7i • 771773 mi - 2773 • 771773 7714 + 27/1772 • 771773 m2 + 2771773 • mm "^6 
13 Singular vectors for g = t)as(4|4) 
We consider the following negative operators from Qq: 

a-5 = ^2^3 + ^3*52 «14 = -a:^4^1 + ^l^A 

aQ ^ 333^3 — -2x3^4 - Sia2 + €2^1 

o-S = 3:2'54 + a:4'52 »18 = — 3:^3^2 + ^2^3 

^^9 = 3=3*54 + ^A^3 O'lg = — a'4^2 + ^2^4 

aio = X454 020 = 2X254 — ^i^s + ^3^1 

ai2 = -X2Q\ + Cl'52 "25 = -^4^3 + ^3^4 

•^13 = -a^3^1 + €1^3 "26 = -2a;2'53 " Cl^4 + ^4^1 

For the basis of Cartan subalgebra we take 

"11 = -^^l^^l + i==2f^2 + ^33333 + ^X4^d4 + Si^i) 
"17 = -^^l^^l - ■J^2<^2 + i^3^3 + ^^4^4 + ^2^2 
"24 - ^^1^1 + ^^2^2 - ^^3^3^^494 + €3^3 
"32 = ^^^1^1 + ^^2^2 + ^^3^3 - ^^A^A + Ka^a) 

The rui are the following elements of the irreducible QQ-mo&vle V: 

m-^ is the highest weight vector 

■^10 = "8 ■ '^1 

"*2 — "5 ■ "T-i 

■^11 = "20 ■ ■^l 

"^3 = "25 ■ "^1 

"^24 = a-2Q ■ "20 ' "^1 

m4 = a26 " "^1 

m27 ^ - "12 ■ "^1 

"^8 = "25 ■ "26 ■ "^1 

Theorem In I{V)^ there are only the following singular vectors: 

la) [k, /, /) — > (A: + 1, 1, 1, 1): Si <S) mi; 

lb) (-1,0,0,0) — > ^(-1,1,1,-1): d^mi -\- 6im4 
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Ic) 1,1,-1) (0,1,0,0): dsmi - d^m^ + Simn 

Id) {I, k + 1,1, 1) — > {l,k + I + 1, 1, 1); two particular cases: 
Ida) ; ^ =^ fc ^ -1: 

-93 (4 1 ni2 + mi) - ^4 (— mg + 4 / mio) + (m24 — 4 1 11127) - 4 (1 + A;) / 62ml 
Idb) I = =4' /c ^ 0: 93?7i2 + dimio + 6117127 + k 627711 
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